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Abstract

We study how market structure shapes the damage from manipulating data. A monopolist

sells investors a score built on a manipulable firm signal; the firm manipulates in proportion

to the price response to the score, which market clearing determines. When manipulation

incentives are predictable, the seller absorbs manipulation-induced noise through score design.

When they are highly uncertain, manipulation reduces score and price informativeness. In this

regime, price-inelastic non-fundamental demand amplifies manipulation, more informed capital

can reduce price informativeness, score-based mandates inflate scores and degrade information,

and manipulation crowds out investment. The seller under-supplies verification, leaving room for

enforcement.
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1 Introduction

Financial markets are in an age of information explosion. Credit ratings, ESG ratings, and other

commercial scores used to forecast firm performance or certify firm characteristics increasingly

rely on “alternative data,” such as web traffic, app downloads, social media sentiment, or satellite

imagery. Compared with traditional financial and accounting data, which are subject to established

reporting and auditing requirements, these inputs tend to be more timely but are rarely verified,

which makes them cheaper to manipulate. At the same time, the investors who trade on these scores

have changed. Aggregate demand for stocks has become less price elastic (Koijen and Yogo, 2019;

Gabaix and Koijen, 2021), a growing share of capital is managed passively or against benchmarks

(Pavlova and Sikorskaya, 2023; Haddad et al., 2025), and a growing amount of capital is tied to

scores directly through investment mandates and score-based indices (Morningstar, 2026).

This paper asks how these developments interact. When the data behind a score can be

manipulated, how much does manipulation degrade the information in scores and prices, and how

does the answer depend on the structure of the market: who trades, how price elastic their demand

is, whether their demand is tied to the score itself, and how the market for information is organized?

We show that market structure determines how much damage manipulation does, with implications

for price efficiency, the effectiveness of characteristic-based investing, whether voluntary or mandated,

and real investment.

Our model builds on Admati and Pfleiderer (1986) and adds two features: manipulable in-

formation and heterogeneous investors. The terminal payoff of a stock, ỹ, contains a predictable

component g̃. A monopolistic information seller collects a signal about g̃ from the firm, designs a

score, and sells it to investors. The firm manager can privately and at a cost manipulate the signal.1

His incentive to manipulate is also private information (Fischer and Verrecchia, 2000; Einhorn,

2007); for example, how strongly his compensation is linked to the stock price is often not public.

Fundamental investors trade on their beliefs about ỹ and decide whether to buy the score to learn
1For example, social media reactions to new products are used to predict company performance. A company can

influence such sentiment in various ways, from paying “influencers” to promote its products to using “bots” to post
fake reviews.
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more. Non-fundamental investors do not process information about g̃. Their demand depends on the

stock price and, in an extension, on the score itself. We derive both components of non-fundamental

demand from a delegated portfolio problem in which fund managers are paid partly on performance

relative to a benchmark, building on Pavlova and Sikorskaya (2023).

The key equilibrium object is how strongly the stock price responds to the score. The firm

manager manipulates in proportion to this price response. The price response, in turn, is determined

by market clearing: it depends on the share of fundamental investors, on how price elastic the

demand of non-fundamental investors is, and on whether their demand responds to the score directly.

Through this channel, market structure changes how much the firm manipulates, and therefore how

informative the score and the price are, even when the firm’s fundamentals, the data behind the

score, and the manager’s manipulation cost and compensation are held fixed.

Because investors anticipate the average degree of manipulation and undo the bias it creates,

what destroys information is uncertainty about the manager’s incentive to manipulate. Whether

this uncertainty reaches the score and the price depends on the information seller. As in Admati

and Pfleiderer (1986), a monopolistic seller adds noise to keep the score from becoming too revealing

through the price, which would erode buyers’ willingness to pay for the score. The fact that she can

add noise but cannot remove the noise that manipulation creates gives two regimes.

When manipulation uncertainty is low, the equilibrium is unconstrained: the seller treats

manipulation noise as a free substitute for her own and offsets it one for one, so the fraction of score

buyers, the score fee, and score and price informativeness are the same as without manipulation.

We call this manipulation irrelevance. Market structure still affects informativeness in this regime,

but through the seller’s choice of noise rather than through manipulation. When manipulation

uncertainty is high, the equilibrium is constrained: the seller adds no noise, and manipulation-

induced noise feeds directly into the score and the price. Which regime applies depends on the

nature of the signal and on market structure. The constrained regime is more likely when the

signal is only weakly related to payoffs, as is typical of alternative data, and when non-fundamental

demand is price inelastic. The share of fundamental investors matters as well, in a direction that

depends on that elasticity.
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Our first result, which arises in the constrained regime, is that investors who never use the

score shape how informative it is. More price-elastic demand from non-fundamental investors

dampens the price response to the score and weakens the manager’s incentive to manipulate. In

the constrained equilibrium, both the score and the stock price therefore become more informative

about g̃, even though non-fundamental investors neither observe the score nor learn from the price.

In the unconstrained equilibrium, the seller offsets the change in manipulation with her own noise,

so informativeness does not depend on this elasticity, as is also true without manipulation. Elasticity

still matters, however, because it determines which regime applies: by limiting manipulation, more

elastic demand leaves the seller room to absorb it, making the unconstrained regime more likely.

Markets with inelastic non-fundamental demand are thus doubly vulnerable: they are more likely to

be constrained, and within that regime manipulation does more damage. When information can be

manipulated, the rise of price-inelastic institutional demand therefore matters not only for price

volatility but also for how informative prices are.

Second, more informed capital need not improve price discovery. In the constrained equilibrium,

raising the share of fundamental investors has two effects. More investors trade on the score, so

more of its information enters the price. But fundamental investors also replace non-fundamental

investors whose elastic demand dampened the price response, so the price response rises and with it

manipulation. When non-fundamental demand is sufficiently elastic, the second effect eventually

dominates, and price informativeness is hump-shaped in the share of fundamental investors. In the

unconstrained equilibrium, price informativeness is flat in this share under partial participation and

decreasing under full participation, but for a different reason: as more of the score leaks into the

price, the seller adds noise to protect its value.

This result applies directly to green investing. If g̃ is a firm’s true greenness, fundamental and

non-fundamental investors are green and traditional investors, respectively, and the score is an

ESG rating, then price informativeness measures how well firms’ cost of capital reflects their true

greenness, the channel through which green investing is meant to influence firms. A continued

rise in green investing need not improve this alignment and can weaken it, because a larger green

share makes prices respond more strongly to ESG ratings and so strengthens firms’ incentives to
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greenwash. This contrasts with Goldstein et al. (2026), in which, in any stable equilibrium, a larger

share of green investors makes the price more informative to green investors.

Third, score-based mandates can improve or degrade information, depending on the regime.

When non-fundamental demand rises with the reported score, as it does for funds whose holdings or

benchmarks tilt toward high-score firms, the score becomes a compliance input whose level matters

regardless of what it reveals. Mandate demand therefore raises the price response to the score

irrespective of its precision, strengthening the manager’s incentive to manipulate and inflating scores

in both regimes. In the constrained equilibrium, the seller cannot offset the additional manipulation,

so stronger mandates make scores less informative. Price informativeness first rises, because the

score is transmitted more strongly into prices, and then falls. The range over which it rises shrinks to

zero as manipulation uncertainty grows. In the unconstrained equilibrium, stronger mandates make

both the score and the price more informative. Because mandate investors respond to the score

regardless of its precision, added noise does less to limit leakage into the price, so the seller cuts

her noise by more than the additional manipulation adds. Inflated scores can therefore accompany

better or worse information, and stronger mandates can push the market into the constrained regime

but never back.

In our microfoundation, mandates arise from benchmarking: fund managers are paid partly on

performance relative to a benchmark that tilts toward high-score firms. Mandate strength is then

the share of performance pay tied to the benchmark times how steeply the benchmark tilts toward

high scores. Adding benchmark-relative pay on top of absolute pay also makes fund managers’

demand less price elastic, which by our first result further amplifies manipulation. A strong link

between benchmarks and scores is thus benign when firms’ manipulation incentives are predictable

but should be kept modest, or paired with measures that curb manipulation, when they are highly

uncertain.

Fourth, manipulation can crowd out real investment. In an extension, we allow the manager to

make an unobservable investment that raises g̃. The manager’s costs of manipulation and investment

are separable, so unlike in signal-jamming models (Stein, 1989), he faces no direct trade-off between

manipulating and investing. But because investment and manipulation enter the score identically,
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investors discount the whole score, and the manager’s reward for investing is the price response

to it. In the constrained equilibrium, cheaper manipulation makes the score noisier, lowers the

price response, and reduces investment. In the unconstrained equilibrium, the seller absorbs the

additional noise, and investment does not depend on the cost of manipulation. Where manipulation

incentives are uncertain, curbing manipulation, for example by penalizing greenwashing, therefore

also restores the reward to genuine improvements such as emissions reductions.

These results build on the insight of Fischer and Verrecchia (2000) and Frankel and Kartik (2019)

that uncertainty about manipulation incentives destroys information, and more so the more strongly

the market responds to the report. In these models, as in the signal-jamming literature (Stein,

1989), the market’s response is a Bayesian weight pinned down by the statistical properties of the

report and of the manipulation, so the damage from manipulation is a property of the information

environment alone. A central contribution of our paper is to determine this response, and hence the

incentive to manipulate, through market clearing. How much a firm manipulates then depends on

who holds its stock and how they trade, which connects the manipulation literature to the evidence

on inelastic markets and benchmarked capital.

Two consequences follow. First, features of the market unrelated to information determine

information quality: in the constrained regime, investors who never see the score can improve its

informativeness, more informed capital can reduce price discovery when the information seller does

not add any noise to the score, and mandates can degrade the information they rely on. None of these

effects arises with a Bayesian weight, which does not depend on who trades, or in our model without

manipulation. Second, market clearing can disable the market’s defense against manipulation. A

Bayesian observer puts less weight on a noisier report, limiting the payoff to manipulating it; when

demand responds to the score itself, as under mandates, the price keeps responding even as the

score loses information. Our model also places a profit-maximizing intermediary between the report

and the market, whose noise choice absorbs manipulation in the unconstrained regime.

The information seller’s incentives also limit how far the market corrects manipulation on its own.

When the seller can invest in verification that raises the manager’s cost of manipulation, she does

not verify at all in the unconstrained regime, and in the constrained regime she never verifies enough
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to restore the informativeness she targets when unconstrained. The reason is that informativeness

is partly a public good: a more informative score makes the price more informative, which benefits

investors who do not buy the score and, through the price response, the firm’s real investment,

while the information that leaks into the price erodes what buyers will pay. Outside enforcement

against manipulation raises informativeness in the constrained regime. In the unconstrained regime,

the seller offsets it by adding noise, so enforcement only saves the resources spent on manipulation,

and raising informativeness requires constraining her score design, for example through precision

standards for scores.

The two regimes also explain disagreement among rating providers in different ways. When

the score is a weighted average of several manipulable signals, the weights that make it most

informative about g̃ differ from the standard weights that minimize intrinsic noise: because weight

invites manipulation, they discount signals that are precise but easy to manipulate, a form of

Goodhart’s law (Hennessy and Goodhart, 2023), and they depend on market structure through

the price response. In the constrained regime, the seller chooses these weights, so providers that

assess manipulability differently disagree, more so when manipulation uncertainty is high. In the

unconstrained regime, many weight vectors are equally profitable, so providers with the same inputs

can produce different scores. Neither channel relies on differences in data or skill.

These results have direct implications for policies that promote characteristic-based investing.

Expanding green investing, tying mandates and benchmarks to ESG scores, and the growth of

price-inelastic passive demand all make prices respond more strongly to scores and push markets

toward the constrained regime. Where manipulation incentives are uncertain, these policies can

undermine the information they rely on unless accompanied by enforcement against manipulation of

the rated firms’ inputs, which rating providers will under-supply on their own and which also restores

the reward to genuine investment. The value of such enforcement is highest where manipulation

incentives are hardest to predict, as for ESG attributes, alternative data, and firms approaching

equity issuances or earnings announcements. Where manipulation incentives are predictable, the

binding limit on information quality is instead the provider’s deliberate noise, and the relevant

policy is a precision standard for the score.
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The model also delivers testable predictions. The effect of non-fundamental demand elasticity,

or of passive and benchmarked ownership, on price informativeness should be stronger where

firms’ manipulation incentives are harder to predict and absent where they are predictable, which

distinguishes our channel from the view that passive ownership lowers price informativeness because

fewer investors acquire information. Tighter links between benchmarks and scores should be

associated with score inflation everywhere, but with more informative prices where manipulation

incentives are predictable and less informative prices where they are highly uncertain. Enforcement

against manipulation should raise real investment and price informativeness where manipulation

uncertainty is high, with little effect where it is low. Finally, rating divergence that stems from

different assessments of manipulability should be larger for attributes whose manipulation incentives

are more uncertain.

Related literature

Our paper is closely related to the literature on information sales. Building on the seminal work

of Admati and Pfleiderer (1986), which examines a monopolist information seller designing and

selling payoff-relevant information to traders, we extend their framework by incorporating the

firm manager’s information manipulation behavior. As a result, the information seller’s input is

endogenous to its pricing and design decisions, in contrast to the exogenous input in Admati and

Pfleiderer (1986). Recent studies investigate related settings involving monopolistic information

intermediaries, including the pricing problems of data brokers who sell data to facilitate marketing

(Bergemann and Bonatti, 2015), to forecast consumer characteristics (Segura-Rodriguez, 2021), or

to firms with private production costs (Yang, 2022). In these studies, the intermediary’s actions do

not endogenously influence the input of the information it can collect, which is the distinguishing

feature of our model. These studies also consider a more flexible information design by information

sellers, while we restrict the seller to only adding normal noise to the underlying signal. This is

motivated by tractability and by the focus of our analysis on the interaction between noise choice

and manipulation incentives, rather than on the optimal information structure per se.

With the development of alternative data, a growing literature examines how data availability

affects firm behavior. Begenau et al. (2018) and Farboodi and Veldkamp (2022) study how data can
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influence a firm’s production and lifecycle through a data feedback mechanism. Our focus differs:

we examine how data availability alters a firm manager’s incentives to manipulate, which in turn

reduces the informativeness of both the data and the equilibrium price.

Our work also relates to the literature on information manipulation by agents with strategic

concerns, including studies on earnings manipulation (Dutta and Fan, 2014; Crocker and Slemrod,

2007; Laux and Laux, 2009; Fischer and Verrecchia, 2000). Among these, Fischer and Verrecchia

(2000) is closest to ours in its Gaussian setting. We differ in two respects. First, the price response

to the report, and hence the incentive to manipulate, is determined by market clearing rather than

by a Bayesian weight. Second, the report is designed and sold by an intermediary, so the information

is neither public nor free, and the seller’s pricing and noise choices alter the manager’s manipulation

incentives. These studies focus primarily on incentive contracts, which we take as given. Our

framework also connects to Frankel and Kartik (2019), who study a firm’s ability to manipulate its

signals and distort payoff-relevant information, and Bonatti and Cisternas (2020), who examine

a Gaussian setting in which a strategic consumer manipulates a score used by downstream firms

for price discrimination. The key difference is that in our setting the score is designed and sold

by a third party information intermediary. Both Ball (2025) and Goldman et al. (2022) consider

information intermediaries facing endogenous manipulation, but their intermediaries’ objectives

differ substantially from ours.

Our model predictions relate to the literature on ESG rating divergence and greenwashing.

Studies document substantial ESG rating disagreements due to differences in measurement and

methodology (Berg et al., 2022; Chatterji et al., 2016), and firms may strategically alter their

behavior to attract fund flows without improving performance (Cooper et al., 2005; Kaustia and Yu,

2021; Liang et al., 2022). Our model rationalizes these observations and highlights the interactions

between rating divergence and greenwashing. Chen (2023) shows that stronger ESG preferences may

lead to excessive greenwashing that undermines green investment. Our mandate model generates

a similar prediction: stronger mandates for high ESG-score assets can reduce the informativeness

of the market about firm quality, even absent the firm’s investment channel. Recent theoretical

work on ESG investors and asset prices includes Pástor et al. (2021), Pedersen et al. (2021), and
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Goldstein et al. (2026), among others. The closest work to ours is Goldstein et al. (2026), who also

employ a noisy REE framework with heterogeneous investors. The key distinction is the information

environment: their model features two exogenous information sources about financial and ESG

performance, and endogenous trading leads to multiple equilibria. Our model instead focuses on

endogenous signal manipulation, yielding distinct predictions. For instance, in their model, price

informativeness for greenness increases with green investor participation in the stable equilibria,

whereas in our model, because of endogenous manipulation, this relation is non-monotonic when

manipulation uncertainty is high and traditional investors’ demand is sufficiently price elastic.

Our non-fundamental and mandate demand build on the literature on delegated asset management

and benchmarking (see, e.g., Stoughton, 1993; Admati and Pflieiderer, 1997; Basak and Pavlova,

2013; Kashyap et al., 2023; Pavlova and Sikorskaya, 2023). We take the benchmarking contract

as given and show that it matters for information quality: benchmark-relative pay makes fund

managers’ demand less price elastic, and benchmarks tied to scores add demand that responds

to the score itself. Both raise the price response to the score and hence the firm’s incentive to

manipulate, and when manipulation incentives are uncertain they can weaken the link between

firms’ cost of capital and the characteristic the score measures.

2 Baseline Model

2.1 Setup

The model has a single period, from time 0 to time 1. There are two assets traded in the financial

market, a riskless bond with unlimited supply and a risky asset (the stock of a firm) with random

supply s̃ „ Nps̄, σ2
sq. We assume that the average supply of the stock is positive, i.e., s̄ ą 0. The

riskless bond is the numeraire, with the risk-free rate normalized to zero.

The stock generates a random terminal payoff ỹ „ Npȳ, σ2
yq at time 1. A predictable component

of this payoff is captured by the normalized variable, g̃ „ Np0, 1q. Let ρ P p0, 1s denote the

correlation between ỹ and g̃ (g̃ is informative about the payoff whenever ρ ‰ 0; without loss of
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generality, we restrict ρ ą 0), then the payoff ỹ can be rewritten as

ỹ “ ȳ ` ρσy g̃ ` ϵy, (1)

where ϵy „ N
`

0, σ2
yp1 ´ ρ2q

˘

is independent of g̃ and captures the unpredictable component of the

payoff.

Information seller. There is a monopolistic information seller who collects a signal produced by

the firm that is informative about g̃. Based on the signal, the information seller constructs a score,

gr, and sells it to investors at price Φ. In the absence of any manipulation by the firm, the signal

about g̃ takes the form g̃ ` ϵ, where ϵ „ N
`

0, σ2˘. Here σ ą 0 represents the amount of intrinsic

noise in the signal. Motivated by Admati and Pfleiderer (1986), we assume that the information

seller can add independent noise to the score, and thus the score designed by the information seller

can be written as g̃ ` u, where u „ N
`

0, σ2
u

˘

with σu P rσ,8q combines the intrinsic noise in the

signal and any potential noise added.2 The information seller chooses the score fee Φ and noise

level σu to maximize her profit.

Investors. There is a continuum of fundamental investors with total mass θ P p0, 1s, and a

continuum of non-fundamental investors with total mass p1 ´ θq. We require θ ą 0 so that there is a

positive mass of potential score buyers; θ “ 1 is the special case without non-fundamental investors.

Fundamental investors’ portfolio decisions are based on their beliefs about the terminal payoff ỹ.

Each fundamental investor is endowed with initial wealth W0 and has CARA utility. At time 0,

a fundamental investor chooses holdings pϕ, lq in the stock and a risk-free bond, respectively, to

maximize their expected utility, which is given by

U “ E
”

´e´Apϕỹ`lq|F
ı

, (2)

2We rule out the possibility of the seller directly biasing the score. We interpret this restriction as a transparency
or auditability constraint: the scoring algorithm is observable, so any systematic distortion would be detected and
penalized. We assume the penalty is sufficiently large to make such deviations unprofitable. Berg et al. (2021)
discusses incentives for information intermediaries, including rating agencies, to distort reported assessments. In our
environment, investors are rational and can net out any constant bias in the score about g̃, regardless of whether it
originates from the firm or from the information seller.
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where A ą 0 is the coefficient of absolute risk aversion, and F denotes the investor’s information set

at time 0. Among the fundamental investors, a fraction λ endogenously choose to buy the score from

the information seller. We refer to them as informed fundamental investors. The remaining fraction

1 ´ λ, the uninformed fundamental investors, do not buy the score. This causes the information set

to differ between the two types of fundamental investors.

Different from fundamental investors, non-fundamental investors’ demand passively responds to

stock price. Each non-fundamental investor’s demand for the risky asset takes the linear form

Dppq “ D0 ´D1p, (3)

where p denotes the stock price, D0 ą 0, and D1 ą 0. The intercept D0 captures the non-fundamental

investor’s baseline allocation to equities. The slope D1 drives the price elasticity of demand for the

non-fundamental investor.3

Demand of the form in (3) arises in several settings. The first is delegated investment. In

Appendix A, building on Pavlova and Sikorskaya (2023), we derive (3) from the portfolio choice

of a fund manager whose compensation depends on performance, and links D0 and D1 to the

manager’s risk aversion and the terms of her contract.4 The second is a predetermined position

target. Equal-weight index funds, balanced funds, and target-date funds commit to fixed portfolio

weights. They buy as the price falls and sell as it rises, without regard to what the price change

reveals (Perold and Sharpe, 1988; Parker et al., 2023).5 The third is liquidity provision. Market

makers absorb order imbalances at a price concession that compensates them for inventory risk

rather than reflecting any inference from the price (Grossman and Miller, 1988). Across these

settings, a higher D1 corresponds to more elastic demand, and differences in D1 reflect differences

in non-fundamental investment styles.
3Strictly speaking, D1 is the slope of the demand curve rather than its price elasticity: for Dppq “ D0 ´ D1p,

the price elasticity is ϵppq “ D1p{pD0 ´ D1pq, which also depends on p and D0. However, at any fixed pp, D0q with
positive demand, ϵ is strictly increasing in D1, so comparative statics with respect to D1 move in the same direction as
those with respect to the price elasticity. For brevity we therefore use the two interchangeably throughout the paper.

4The appendix derives the demand of the mandate investors in Section 4.2, whose compensation also depends on
relative performance to a score-based benchmark. Remark A.1 shows that (3) is the special case without the relative
performance component.

5Equal-weight index funds exhibit a higher effective D1 than cap-weighted funds because any price change pushes
a stock away from its target weight, triggering mechanical rebalancing.
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Non-fundamental investors’ holdings in the riskless bond are irrelevant in our model.

Firm. The key novel feature of our model is the possibility for the firm’s manager to manipulate

the signal about g̃. Specifically, the firm manager can privately change the level of the signal by δ

at a cost c
2δ

2, where c ą 0 is the cost parameter for signal manipulation. The cost represents the

manager’s effort to manipulate, or potential legal and reputational penalties from doing so. The

firm manager’s optimization problem is

max
δ

qE ppq ´
c

2δ
2, (4)

where q „ N
`

q̄, σ2
q

˘

represents the manager’s incentive to inflate the stock price which is independent

of all other random variables in the model. For instance, q could capture the sensitivity of the

manager’s compensation to the stock price, which may arise from an optimal contract designed to

address other independent agency problems. Alternatively, q could reflect implicit incentives such as

career concerns (Holmström, 1999).6 The realization of q is privately observed by the firm manager.

We assume that σq ą 0 and q̄ ą 0, so that the firm manager on average tends to inflate the stock

price. Notice that q being normally distributed means that it could be negative, in which case the

manager wants to reduce the stock price. An example is when the management team is considering

a management buyout (Perry and Williams, 1994).7 In the manager’s problem Eq. (4), it is clear

that only q
c matters in his incentive, with both stronger incentive-based compensation and lower

cost of manipulation leading to more aggressive manipulation.

After signal manipulation, the score generated by the information seller, gr, becomes

gr “ g̃ ` u` δ. (5)

While investors and the information seller are aware of the firm manager’s incentives to manipulate

the signals, they cannot precisely forecast the amount of manipulation by the firm manager and
6For example, the market may infer the manager’s ability from the stock price, and q can capture both how much

the manager values outside options and the market’s assessment of his ability.
7In this formulation, we assume q to be random and c to be deterministic. However, introducing uncertainty in

the cost of manipulation c would have qualitatively similar effects as uncertainty in q, the incentive to increase stock
prices.
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t “ 1(a)

Information seller
announces

scoring algorithm and fee

(b)

Firm manager
manipulates signals

Investors decide
whether to buy

the score

(c)

Information seller
generates a score

based on
reported signals

(d)

Investors submit
demand for
the stock;

market clears

Asset payoff is
realized

t “ 0

Figure 1: Model Timeline

remove its effect from the score entirely because the realization of q is unobservable to them.

Timing. Figure 1 summarizes the timeline of the model: At time 0, the information seller chooses

both the noise σu and the score fee Φ. Then the firm manager decides on the level of manipulation

δ, and fundamental investors decide whether to buy the score from the information seller. After

that, all investors submit their demand functions and the price p is endogenously determined in

equilibrium. At time 1, the asset payoff is realized, and all players collect their payoffs.

Next, we define the market equilibrium in the presence of information manipulation.

Definition 1. We define an equilibrium as tΦ˚, σ˚
u, λ

˚, p˚, δ˚u, where Φ˚ is the score fee chosen

by the information seller, σ˚
u is the standard deviation of the noise in the score chosen by the

information seller, λ˚ is the fraction of fundamental investors who opt to purchase the score, and

δ˚ is the manipulation level that the firm manager selects, such that the following conditions hold:

1. a fraction λ˚ of the fundamental investors purchase the score, while the remaining fraction

p1 ´ λ˚q choose not to purchase the score, to maximize their utility Eq. (2);

2. the firm manager selects δ˚ to maximize the objective Eq. (4);

3. the information seller sets the score fee Φ˚ and the standard deviation of the noise in the score

σ˚
u to maximize her profit from score sales;

4. the equilibrium price p˚ clears the market, i.e., the total demand for the stock by all investors

equals supply s̃.
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2.2 Equilibrium Characterization

We solve for the market equilibrium with manipulation in two steps. First, we characterize the

partial equilibrium taking the information seller’s strategy as given, namely the noise level σu and

the fraction λ of fundamental investors who buy the score. In this step, the score fee Φ is pinned

down endogenously by investors’ participation decisions. Second, we solve the information seller’s

problem and endogenize pσu, λq, or equivalently pσu,Φq.

We restrict attention to equilibria in which the asset price is linear in the relevant state variables.

The following proposition summarizes the partial equilibrium characterization.

Proposition 1. Suppose that the information seller chooses noise level σu and sets the price for

the score such that a fraction λ P p0, 1s of fundamental investors choose to buy the score. Then there

exists an equilibrium such that:

1. the firm manager’s manipulation strategy is

δ “ ar
q

c
, (6)

2. the equilibrium score is

gr “ g̃ ` u` ar
q

c
, (7)

3. the equilibrium price is

p “ a0 ` argr ` ass̃, (8)

where a0, ar ą 0 and as ă 0 are uniquely solved by (A.28), (A.30) and (A.32) in the appendix.

The key variable that affects the firm manager’s manipulation incentive and price informativeness

is ar. First, as Eq. (8) shows, an increase in ar tends to increase the correlation between the stock

price p and the score gr (assuming as is unchanged), which tends to make the price more informative
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(at least in the absence of information manipulation). Second, an increase in ar also intensifies the

firm manager’s manipulation (see Eq. (6)), which tends to reduce the informativeness of the score,

and in turn the informativeness of the stock price. The trade-off between these two opposing effects

is key to our analysis.

Note that, q̄, which represents the manager’s average incentive to inflate the stock price, has

no effect on either the equilibrium price or the informativeness of the score or the price. While a

higher q̄ does raise the average score level, its effect on the equilibrium price is exactly offset by

a0. Intuitively, fundamental investors care about g̃. When they update beliefs about g̃ using the

score, they account for the perceived manipulation activity. Because the average inflation incentive

is fully anticipated, it does not affect learning. As a result, the manipulation incentive q affects

the equilibrium price and the informativeness of both the score and the price only through its

uncertainty σq. Moreover, a higher σq reduces the informativeness of both the score and the price,

as shown in the following result.

Corollary 1. Fix the information seller’s choices σu and λ. As σq increases, ar decreases, Varpδ˚q “

a2
r

σ2
q

c2 increases, and each of corrpgr, g̃q, corrpp, g̃q, and corrpp, grq decreases.

Corollary 1 is a partial equilibrium result. It confirms that σq is the key source in the manager’s

manipulation incentive q that drives the informativeness in equilibrium. It shows that a higher σq

reduces the sensitivity of price to the score, makes both the score gr and the price p less informative

about g̃, and also lowers the correlation between p and gr.

To understand these comparative statics, consider how an increase in σq changes the noise in

the score. A direct effect of a higher σq is to make the score noisier, because the noise introduced

by signal manipulation is proportional to σq, holding ar fixed. An indirect effect is that a higher σq

makes the price less responsive to the score, that is, ar decreases. This, in turn, weakens the firm

manager’s incentive to manipulate the signal, so |δ˚| decreases holding q fixed. However, because

the direct effect dominates, the overall uncertainty in manipulation, captured by Varpδ˚q “ a2
r

σ2
q

c2 ,

still increases. This is why the score becomes a noisier predictor of the payoff component g̃. Finally,

since the information in price about g̃ ultimately stems from the score, it follows that the correlation

between price and g̃ also decreases with σq.

15



Next, we turn to the information seller’s optimization problem. First, we examine how the score

fee is determined. This is a classical result from Admati and Pfleiderer (1986).

Lemma 1 (Admati and Pfleiderer (1986)). Let FU and FI be the time 0 information sets of

uninformed and informed fundamental investors, respectively. For any given λ, the equilibrium score

fee is

Φpλq “
1

2A ln
ˆ

Varpỹ | FU q

Varpỹ | FIq

˙

. (9)

The information seller’s payoff is θλΦpλq.

Notice that the dependence of the score fee Φ on λ in Eq. (9) is implicit. The difference between

the two information sets FU and FI is the score. As the fraction of investors who choose to purchase

the score changes, so does the informativeness of the stock price, which both types of investors

observe, relative to that of the score. This relative informativeness determines the right-hand-side

of Eq. (9).

Since determining the score fee is equivalent to determining the equilibrium fraction of score

buyers, we can rewrite the information seller’s problem in the following equivalent form:

max
λPr0,1s, σuPrσ,8q

λ ¨
1

2A ln
ˆ

Varpỹ | FU q

Varpỹ | FIq

˙

. (10)

Before presenting the full equilibrium solution, we introduce a new variable Mpλq, which is

defined as the solution of

ρ2 `
ρ θλ

Aσy
Mpλq “ 1 ` σ2 `

¨

˝

1
ρ

σy
`

´

θ
Aσ2

y
` p1 ´ θqD1

¯

Mpλq ¨
Aσ2

sσ2
yMpλq`ρσyθλ

Aσ2
sσ2

yMpλq`ρσyθ

˛

‚

2
σ2

q

c2 . (11)

Note that the right hand side of Eq. (11) equals Varpgrq when the information seller chooses

σu “ σ. The interpretation of Mpλq is as follows. The equilibrium stock price can be rewritten as

p “ a0 ` ar

ˆ

gr `
as

ar
s̃

˙

.
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The ratio ´ as
ar

ą 0 governs how informative the price is about the score: a lower value of ´ as
ar

means

that the price loads more heavily on the score relative to the supply noise, making the price more

informative about gr. Fixing λ, the information seller can improve the price informativeness about

the score by reducing σu, which lowers the equilibrium ratio ´ as
ar

. The quantity Mpλq is the lowest

value of ´ as
ar

that the seller can achieve, attained when she sets σu “ σ. In other words, Mpλq

represents the maximum price informativeness about the score that the seller can deliver for a given

λ. As we show below, this object plays a key role in determining when the manager’s manipulation

affects equilibrium outcomes.

We now characterize the information seller’s optimal choice of score fee Φ˚ and noise level

σ˚
u. The equilibrium takes one of three forms, which fall into two regimes: in the unconstrained

equilibrium, with partial or full participation, the seller’s noise choice is interior, σ˚
u ą σ; in the

constrained equilibrium, she is at the noise floor, σ˚
u “ σ.

Theorem 1. Define

λ ”
λ0Aσsσy

θ
, (12)

where λ0 is a constant number solved in the appendix and is independent of all other model parameters.

Then the information seller’s optimal choices Φ˚ (and thus λ˚) and σ˚
u are characterized by three

distinct cases as follows:

- Unconstrained equilibrium with partial participation: λ˚ ă 1.

If λ ă 1 and Mpλq ă M˚ “
ρ

σs
, then the information seller chooses σ˚

u satisfying

Varpgrq “ 1 ` σ˚2
u `

ˆ

a˚
rσq

c

˙2
“ ρ2

ˆ

1 `
θ λ

Aσsσy

˙

, (13)

and sets Φ˚ so that λ˚ “ λ. Here a˚
r is the equilibrium ar in the price equation, given by Eq. (A.38)

in the appendix.

- Unconstrained equilibrium with full participation: λ˚ “ 1.
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If λ ě 1 and Mp1q ă M˚ “
ρ

σs
, then the information seller chooses σ˚

u satisfying

Varpgrq “ 1 ` σ˚2
u `

ˆ

a˚˚
r σq

c

˙2
“ ρ2

ˆ

1 `
θ

Aσsσy

˙

, (14)

and sets Φ˚ as the highest fee under which all fundamental investors buy the score, i.e., λ˚ “ 1.

Here a˚˚
r is the equilibrium ar in the price equation, given by Eq. (A.39) in the appendix.

- Constrained equilibrium.

Otherwise, in equilibrium the information seller chooses σ˚
u “ σ, and sets Φ˚ so that a fraction

λ˚ of fundamental investors buy the score, where λ˚ solves

λ˚ “ arg max
λPr0,1s

λ ln

¨

˝1 `
Aσ2

sσ
2
y

θλ
¨

1
´

ρ
Mpλq

σy ` θλ
A `

σ2
sσy

ρ Mpλq

¯

˛

‚, (15)

and ´ as
ar

“ Mpλ˚q.

Theorem 1 shows that, depending on the model parameters, there are three possible cases. In

the two unconstrained cases, the information seller chooses an interior noise level to ensure that the

variance of the score gr matches a target (Eq. (13) under partial participation and Eq. (14) under

full participation). The difference is that, under partial participation, uninformed and informed

fundamental investors coexist, whereas under full participation, the score is sold to all fundamental

investors and thus all fundamental investors are informed. In the constrained equilibrium, the

information seller does not add any noise to the score (σu is constrained to σ), so the total noise

level is only determined by the intrinsic noise in the signal and the noise from the firm manager’s

manipulation.

The two unconstrained cases differ from the constrained case in whether the seller can offset

manipulation-induced noise. Proposition 2 shows that, in the unconstrained equilibrium, the fraction

of score buyers, score fee, score variance, and score and price informativeness coincide with their

counterparts in the benchmark without signal manipulation (q ” 0). The manager’s manipulation,

the seller’s noise choice, and the mean score can nevertheless differ from that benchmark.

Proposition 2 (Manipulation Irrelevance). In the unconstrained equilibrium of Theorem 1, with
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either partial or full participation, the equilibrium fraction of fundamental investors who buy the

score, λ˚, the score fee Φ˚, the variance of the score Varpgrq, and the informativeness of both the

score gr and the price p with respect to g̃ are identical to those in the benchmark model without

manipulation (q ” 0).

Here, “manipulation irrelevance” refers to the fact that manipulation does not affect equilibrium

price informativeness, and that stock prices and investors’ asset holdings have the same distributions

as in the case without information manipulation. Notice that the firm does alter its signal in these

two cases, and one that chooses a larger δ (e.g., due to a stronger-than-average incentive q ą q̄) will

see its stock price inflated in equilibrium.

The key mechanism behind Proposition 2 is that the information seller retains slack in her noise

choice. In both unconstrained cases, the optimal noise satisfies σ˚
u ą σ, so the seller can absorb

any manipulation induced noise by reducing her own added noise, holding the total variance of

the score exactly at its revenue maximizing target. In the constrained equilibrium, this absorption

channel is shut down: there is so much added noise due to the manager’s manipulation that the

information seller does not want to add any additional noise; instead, she sets σu “ σ. As a result,

firm manager’s manipulation feeds directly into the score and the price.

The following proposition formalizes the role of σq in determining which of the two regimes

prevails.

Proposition 3. There exist thresholds 0 ď σ:
q ď σfull

q , with σfull
q independent of θ, such that:

1. The equilibrium is constrained if and only if σq ě σ:
q. The closed form of σ:

q is given in

Appendix Eq. (A.51). When σq ě σfull
q , the equilibrium has full participation (λ˚ “ 1).

2. corrpgr, g̃q and corrpp, g̃q are strictly decreasing in σq in constrained equilibrium.

Proposition 3 distinguishes three ranges of σq, the uncertainty in the firm manager’s manipulation

incentive. When σq ă σ:
q, the equilibrium is unconstrained: the information seller’s noise choice has

enough slack to fully absorb the manipulation-induced variance a2
r

σ2
q

c2 , so the fraction of score buyers,

score fee, score variance, and score and price informativeness coincide with their counterparts in
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Figure 2: Comparative statics in uncertainty of manipulation incentive σq. The figure plots
equilibrium outcomes as a function of σq. Panel A reports the equilibrium score fee Φ˚; Panel B
reports the fraction of informed fundamental investors λ˚; Panel C reports the sensitivity of the
equilibrium price to the score, a˚

r ; Panel D reports price informativeness corrpp, g̃q. The white region
corresponds to the unconstrained equilibrium with partial participation (λ˚ ă 1) of Theorem 1,
and the blue region corresponds to the constrained equilibrium. Vertical dashed lines mark regime
boundaries. Parameter values are σg “ 1, σy “ 1.5, ρ “ 0.8, A “ 1, σs “ 0.5, σ “ 0.1, c “ 1.5,
θ “ 0.8, D0 “ 1, and D1 “ 1.

the benchmark in which q ” 0. As explained following Proposition 1, the mean incentive q̄ changes

the average score but is anticipated by investors; the stock-price distribution and score and price

informativeness depend on the uncertainty σq, not on q̄. As σq rises past σ:
q, the constraint σu ě σ

binds and the economy enters the constrained regime. In the constrained equilibrium, further

increases in σq then reduce the informativeness of both the score and the price. Once σq is large

enough (σq ě σfull
q ), the score is so noisy that the seller optimally sells it to all fundamental investors

(λ˚ “ 1).

The seller’s response to increasing σq is qualitatively similar to Admati and Pfleiderer (1986).

Manipulation noise serves as a free substitute for the seller’s own added noise. Only when σu reaches

σ and no further absorption is possible can manipulation affect the score fee and informativeness:

additional manipulation noise then pushes Varpgrq above its optimal level, the seller’s profit falls,

and she responds by adjusting the score fee.

As a numerical exercise, Figure 2 plots how the fee of the equilibrium score Φ˚, the fraction

of informed fundamental investors λ˚, the equilibrium price sensitivity to score a˚
r , and the price
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informativeness corrpp, g̃q change with the uncertainty of firm manager’s signal manipulation incentive

σq. At lower levels of σq, the equilibrium is unconstrained, and these four plotted quantities are

independent of σq. When σq continues to increase, the equilibrium becomes the constrained

equilibrium. An increase in σq makes the score more noisy, which makes the score less valuable to

the score buyers, and also reduces the information spillover externality. The numerical results suggest

that, to maximize profit, the information seller chooses a lower score fee. It is also intuitive that

the price informativeness is lower due to higher uncertainty in firm manager’s signal manipulation

incentive.

Having established that the uncertainty in the firm manager’s manipulation incentive, σq, governs

whether the equilibrium is unconstrained or constrained, we now examine how the remaining model

primitives shape this boundary.

2.3 When Is the Equilibrium More Likely to Be Constrained?

As Proposition 2 shows, the unconstrained equilibrium is “manipulation-irrelevant”: price informa-

tiveness is the same as in the benchmark without manipulation. By Proposition 3, the equilibrium

is unconstrained if and only if σq ă σ:
q, so manipulation affects price informativeness only when

σq ě σ:
q. The threshold σ:

q depends on the other model primitives. A lower σ:
q means that the

equilibrium is constrained for a wider range of σq; in this sense, we say that the equilibrium is “more

likely” to be constrained when σ:
q is smaller.

To see when signal manipulation is more likely to affect price informativeness, we examine four

primitives in turn: the correlation between the predictable component and the terminal payoff (ρ),

the demand elasticity of each non-fundamental investor (D1), risk aversion (A), and the mass of

fundamental investors (θ). A notable feature is that non-fundamental investors play a distinctive

role: both their demand elasticity D1 and their market share 1 ´ θ interact with manipulation in

ways that have no counterpart in the benchmark without manipulation.

We begin with ρ, which measures the informativeness of the raw signal (in the absence of

manipulation).

Lemma 2. There exists ρ: ą 0 such that the equilibrium is constrained if and only if ρ ď ρ:.
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Figure 3: Equilibrium cases in signal strength ρ. This figure plots the regime boundary
separating the unconstrained region (below the boundary) from the constrained region (above the
boundary) as a function of the correlation ρ between g̃ and ỹ for two values of the non-fundamental
demand elasticity D1. The left panel sets D1 “ 0.5 (low D1) and the right panel sets D1 “ 6.67 (high
D1). Within each panel, the blue curve is the regime boundary: below the curve (labeled Case 1)
the equilibrium is the unconstrained equilibrium with partial participation of Theorem 1, and above
the curve (labeled Case 3) it is the constrained equilibrium. Parameter values are σs “ 0.5, σy “ 1.5,
A “ 1, c “ 1.5, θ “ 0.8, and σ “ 0.1.

Figure 3 illustrates Lemma 2. The mechanism operates through the information seller’s incentive

to add noise to the score. When ρ is high, the predictable component resolves a large share of

the uncertainty in ỹ, making the score highly valuable. Score buyers therefore trade aggressively

on the score, and their trades reveal substantial information through the equilibrium price. This

information spillover erodes the advantage of purchasing the score, reducing the seller’s revenue.

To mitigate the spillover, the seller adds considerable noise to the score, which leaves ample room

to absorb any additional noise from the firm manager’s manipulation. When ρ is low, g̃ accounts

for less of the variation in ỹ, so the score is less valuable, trading on it is less aggressive, and the

resulting spillover is smaller. The seller therefore has less incentive to add noise, and her noise

choice σu is closer to the lower bound σ. In this region, even moderate manipulation uncertainty σq

can exhaust the seller’s remaining capacity to offset the manipulation induced variance, pushing σu

to σ and triggering the constrained regime.
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This result speaks to the growing use of alternative data in financial markets. Investors and

data vendors increasingly rely on signals such as satellite imagery, app downloads, social media

sentiment, and web traffic to forecast firm performance.8 Each of these signals is informative but

individually far less correlated with the firm’s terminal cash flow than traditional financial data such

as earnings or balance sheet items. In the language of our model, alternative data corresponds to a

low value of ρ. Lemma 2 then implies that the firm manager’s incentive to manipulate is more likely

to affect score and price informativeness in this setting. The result suggests that, as the finance

industry shifts toward alternative data, concerns about data integrity and signal manipulation

become increasingly relevant for market equilibrium.

The next result examines how the demand elasticity of non-fundamental investors affects whether

the equilibrium is constrained.

Lemma 3. There exists D:
1 P r0,8s such that the equilibrium is constrained if and only if D1 ď D:

1.

Lemma 3 establishes that the equilibrium is constrained if and only if the demand elasticity of

non-fundamental investors, D1, falls below a threshold D:
1. Notably, this result has no analogue in

the benchmark without manipulation: when q ” 0, the parameter D1 does not affect the equilibrium

structure at all. The role of D1 emerges entirely through its interaction with the firm manager’s

manipulation incentive.

The intuition is as follows. Non-fundamental investors trade mechanically in response to price

movements without processing information about g̃. When D1 is high, each non-fundamental

investor’s demand is highly elastic, so any price increase triggered by an inflated score is met with

a large non-fundamental sell response. This dampens the equilibrium sensitivity of the price to

the score, ar, which in turn reduces the firm manager’s optimal manipulation δ˚ “ ar
q
c . With less

manipulation-induced noise in the score, the information seller retains sufficient slack in her noise

choice, and the equilibrium is more likely to be unconstrained. The opposite is true when D1 is low,

as price becomes more sensitive to the score and the firm manager manipulates more aggressively.
8Grand View Research, “Alternative Data Market Size, Share & Trends Analysis Report,” 2024. Available at

https://www.grandviewresearch.com/industry-analysis/alternative-data-market. The report estimates global
spending on alternative data at $11.65 billion in 2024, with a projected compound annual growth rate exceeding 60%,
driven primarily by hedge funds and institutional investors seeking nontraditional signals such as satellite imagery,
web traffic, and consumer transaction data.
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The seller’s capacity to absorb the resulting noise is then more easily exhausted, and the equilibrium

shifts to the constrained regime.

This result highlights a new channel through which the demand elasticity of non-fundamental

investors shapes asset prices by influencing the equilibrium incentives of information manipulation.

Markets in which non-fundamental investors respond inelastically to price movements are more

vulnerable to information manipulation.

Next, we examine the impact of fundamental investor’s risk aversion A on equilibrium regime.

Lemma 4. Let A0 “ θ
λ0σsσy

.

1. If p1´θqD1σy ą σs, then there exists 0 ď A: ď A0 ď Ā: such that the equilibrium is constrained

if and only if A P
`

0, A:
‰

Y
“

Ā:,8
˘

, and is unconstrained if and only if A P pA:, Ā:q.

2. If p1 ´ θqD1σy ď σs, then there exists A: P r0,8q such that the equilibrium is constrained if

and only if A ě A:, and is unconstrained if and only if A P p0, A:q.

Figure 4 illustrates Lemma 4. The relationship between risk aversion and the equilibrium regime

is qualitatively different from the comparative statics for ρ and D1. The direction of the effect

depends on the demand elasticity of non-fundamental investors, and when D1 is sufficiently high,

the relationship is non monotonic: the equilibrium is unconstrained only for intermediate levels of

risk aversion.

We discuss the effect of risk aversion on the equilibrium regime by considering the cases A ě A0

and A ă A0 separately. Suppose the equilibrium is initially unconstrained.

When A ě A0, the information seller sells the score to all fundamental investors (λ˚ “ 1). The

main force is the standard risk bearing effect. As A rises, informed fundamental investors trade

less aggressively on the score. The price then becomes less informative about the score, which

weakens the seller’s incentive to add noise. With less noise added, the seller’s slack for absorbing

manipulation shrinks, and the equilibrium moves toward the constrained regime.

When A ă A0, the seller sells the score to a fraction λ̄ ă 1 of fundamental investors. In this

region, an increase in A leads the seller to expand the set of score buyers (λ̄ rises with A). The

higher informed mass offsets the weaker trading intensity of each individual informed investor. As
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Figure 4: Equilibrium cases in risk aversion A. This figure plots the regime boundary separating
the unconstrained region (below the boundary) from the constrained region (above the boundary)
as a function of risk aversion A for two values of the non-fundamental demand elasticity D1. The
left panel sets D1 “ 0.33, so that p1 ´ θqD1σy ă σs, and the right panel sets D1 “ 3, so that
p1 ´ θqD1σy ą σs. Within each panel, the red curve is the boundary segment corresponding to the
region A ď A0 (where λ̄ ď 1), the blue curve is the boundary segment corresponding to A ą A0
(where λ̄ ą 1), and the vertical dashed line marks A “ A0. Labels inside each panel indicate the
equilibrium regime of Theorem 1 in each region: Case 1 is the unconstrained equilibrium with
partial participation, Case 2 the unconstrained equilibrium with full participation, and Case 3 the
constrained equilibrium. Parameter values are ρ “ 0.9, c “ 1.5, σs “ 0.5, σy “ 1.5, θ “ 0.8, and
σ “ 0.1.

in Admati and Pfleiderer (1986), these two effects cancel, so in the absence of manipulation the

informativeness of the price about the score is unaffected by A.

With manipulation, however, two additional forces arise. The first is an aggregate market

clearing effect. As A rises, all fundamental investors become less elastic to price changes, so a

given change in the score must induce a larger price response to clear the market. A stronger price

response strengthens the firm manager’s manipulation incentive and therefore pushes the equilibrium

toward the constrained region. The second force works through uninformed fundamental investors,

who learn from the score information embedded in the price. When the price is more informative

about the score, uninformed investors trade more aggressively on their inference, which further

amplifies the price response to the score and strengthens the firm manager’s manipulation incentive.

A higher risk aversion A dampens this response by making uninformed investors less willing to trade
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on the information revealed by the price. Through this channel, a higher A weakens manipulation

and pushes the equilibrium toward the unconstrained region.

Which of these two forces dominates depends on D1. When non-fundamental demand is highly

price elastic (high D1), market clearing relies less on the trading intensity of fundamental investors,

so the first channel is weaker. In that case, the second channel can dominate: the dampened inference

by uninformed investors outweighs the market clearing effect, and a higher A pushes the equilibrium

toward unconstrained. This is why, in the first part of Lemma 4, the equilibrium is unconstrained

for intermediate values of A and constrained at both extremes. When D1 is low, aggregate price

sensitivity depends primarily on fundamental investors, so the first channel dominates. A higher

risk aversion A then pushes the equilibrium toward the constrained regime, yielding the monotone

threshold result in the second part.

Finally, we consider how the investor composition θ affects the equilibrium regime.

Lemma 5. There exists a constant D̂1 “ σs
σyp1`Aσsσyq

ą 0 such that:

1. If D1 ď D̂1, there exists a cutoff θ: ą 0 such that the equilibrium is constrained if and only if

θ ď θ:.

2. If D1 ą D̂1, there exist cutoffs 0 ă θ: ď θ̄: such that the equilibrium is constrained if

θ P
`

0, θ:
‰

Y
“

θ̄:, 1
‰

.

Figure 5 illustrates Lemma 5. The effect of the mass of fundamental investors, θ, on the

equilibrium regime depends on the demand elasticity of non-fundamental investors, D1. Two forces

are at work. The first is information spillover. As θ increases, more fundamental investors can

trade on the score, so the score’s information is revealed more strongly through the price. This

information spillover induces the seller to add more noise. The second is a market composition

effect. As θ increases, the non-fundamental investor share 1 ´ θ shrinks and fundamental investors

account for a larger fraction of aggregate demand. This shifts the overall demand elasticity and

therefore changes the firm manager’s incentive to manipulate.

When θ is low, the spillover channel dominates. In this region, the seller serves all fundamental

investors (λ˚ “ 1), so a marginal increase in θ raises the mass of informed fundamental investors
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Figure 5: Equilibrium cases in share of fundamental investors θ. This figure plots the
regime boundary separating the unconstrained region (below the boundary) from the constrained
region (above the boundary) as a function of share of fundamental investors θ for two values of the
non-fundamental demand elasticity D1. The left panel sets D1 “ 0.01 (low D1) and the right panel
sets D1 “ 5 (high D1). Within each panel, the red curve is the boundary segment corresponding
to the region λ̄ ě 1, the blue curve is the boundary segment corresponding to λ̄ ă 1, and the
vertical dashed line marks the value of θ at which λ̄ “ 1. Labels inside each panel indicate the
equilibrium regime of Theorem 1 in each region: Case 1 is the unconstrained equilibrium with
partial participation, Case 2 the unconstrained equilibrium with full participation, and Case 3 the
constrained equilibrium. Parameter values are ρ “ 0.9, c “ 1.5, σs “ 0.5, σy “ 1.5, A “ 1, and
σ “ 0.1.

one for one. The resulting increase in information spillover leads the seller to choose a noisier

score, creating slack to absorb manipulation induced noise and pushing the equilibrium toward the

unconstrained regime. As a result, the equilibrium is constrained only when θ is sufficiently low.

When θ is higher, this logic changes. The seller no longer maintains λ˚ “ 1. Instead, she reduces

the fraction of score buyers λ˚ as θ rises, keeping the total mass of informed fundamental investors,

θλ˚, stable. This offsets the spillover effect, so the main remaining force is the change in aggregate

demand elasticity driven by market composition.

The direction of this composition effect depends on D1. If D1 is low, non-fundamental demand

is relatively inelastic, so replacing non-fundamental investors with fundamental investors makes

aggregate demand more elastic. The price then responds less to the score, the firm manager’s
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manipulation incentive falls, and the equilibrium moves toward the unconstrained region. If D1

is high, non-fundamental demand is highly elastic, so replacing non-fundamental investors with

fundamental investors makes aggregate demand less elastic. The price then responds more strongly to

the score, which strengthens the firm manager’s manipulation incentive and can push the equilibrium

back into the constrained region.

This explains the non-monotonicity in the second part of Lemma 5. When D1 is high, the

constrained equilibrium arises at both low and high values of θ, but for different reasons. At low θ,

there are few fundamental investors, the information spillover into the price is weak, and the seller

has little reason to add noise to the score. At high θ, fundamental investors dominate aggregate

demand, making it less elastic and strengthening the firm manager’s manipulation incentive. At

intermediate values of θ, neither force is strong enough to exhaust the seller’s noise absorption

capacity, and the equilibrium remains unconstrained.

Taken together, Lemmas 2–5 show that manipulation is more likely to affect price informativeness

when the raw signal is less informative (low ρ) and when non-fundamental demand is less price elastic

(low D1). The effects of risk aversion A and the fundamental investor share θ can be non-monotone.

These results characterize when manipulation matters, but they are silent on how much manipulation

distorts market efficiency once the economy is there. We turn to this question next.

3 Implications for Market Efficiency

A common intuition is that fundamental investors, who trade on information, make prices more

efficient, so markets with more of them should have more informative prices. This section shows

that information manipulation can overturn this intuition. In a constrained equilibrium, a larger

share of fundamental investors can reduce price informativeness, while non-fundamental investors,

who process no information at all, can improve it. Two features of the non-fundamental investor

segment drive these results: their demand elasticity D1 and their mass 1 ´ θ.
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3.1 Investor Composition and Price Efficiency

We begin with the role of non-fundamental investor demand elasticity, which provides the foundation

for understanding how changes in investor composition affect informativeness. In the baseline

model, Lemma 3 established that the demand elasticity of non-fundamental investors D1 determines

whether the equilibrium is constrained: a lower D1 makes the constrained regime more likely.

Proposition 4 shows that D1 also governs the severity of manipulation’s effect on informativeness

within the constrained regime.

Proposition 4. Fix all primitives other than the demand elasticity of non-fundamental investors

D1 and suppose θ ă 1. Both score and price informativeness are strictly increasing in D1 on any

open interval over which the equilibrium remains constrained.

The proposition connects the mechanism in Lemma 3 to information quality. More elastic

non-fundamental demand reduces the equilibrium price sensitivity to the score, ar, weakening the

manager’s incentive to manipulate and reducing the variance that manipulation adds. With the seller

continuing to choose the noise floor, this reduction improves both score and price informativeness.

This result identifies a new channel through which non-fundamental investors contribute to

market efficiency. Their demand elasticity affects the firm manager’s manipulation incentive by

limiting the price response to the score. This effect operates entirely through the equilibrium object

ar and requires no informational role for non-fundamental investors: they do not observe or process

the score.

Remark 1 (Benchmark cases for D1). If the equilibrium is unconstrained (the first two cases

of Theorem 1), or if there is no manipulation (q ” 0), then both corrpgr, g̃q and corrpp, g̃q are

independent of D1.

Remark 1 highlights that the effect of D1 on informativeness is entirely a consequence of

manipulation. In the unconstrained equilibrium, the information seller retains slack in her noise

choice and can offset any change in ar caused by variation in D1 by adjusting σu. This keeps the

total variance of the score at its revenue maximizing target and leaves informativeness unchanged.
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In the no-manipulation benchmark (q ” 0), D1 affects the price level but has no effect on the

informativeness of either the score or the price about g̃. Proposition 4 therefore identifies a channel

that is novel to the model: it requires both the presence of manipulation (σq ą 0) and the seller’s

inability to absorb the manipulation induced noise (σu “ σ).

We next turn to the effect of investor composition. Proposition 5 establishes that in the

constrained equilibrium with full participation, the effect of the fundamental investor share θ on

price informativeness can be non-monotone when D1 is sufficiently large.

Proposition 5. Let σfull
q be the threshold in Proposition 3, which is independent of θ. For every

σq ě σfull
q , there exists a cutoff Dcritpσqq ą 0 (solved in the appendix) such that the effect of θ on

price informativeness is as follows.

1. If D1 ď Dcritpσqq, d
dθ corrpp, g̃q

ˇ

ˇ

θ“θ0
ą 0 for any θ0 P p0, 1q.

2. If D1 ą Dcritpσqq, there exists a unique θ̄ P p0, 1q such that price informativeness is uniquely

maximized at θ̄, and

d

dθ
corrpp, g̃q

ˇ

ˇ

ˇ

ˇ

θ“θ0

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ą 0, θ0 P p0, θ̄q,

“ 0, θ0 “ θ̄,

ă 0, θ0 P pθ̄, 1q.

(16)

Proposition 5 shows that, when manipulation uncertainty is sufficiently high (σq ě σfull
q ), the

demand elasticity of non-fundamental investors determines whether the standard intuition, that more

fundamental investors make prices more informative, survives manipulation. When D1 ď Dcritpσqq,

it does: price informativeness rises with θ over its entire range, even though more fundamental

investors strengthen the manager’s incentive to manipulate.

When D1 ą Dcritpσqq, it fails: beyond θ̄, a larger share of fundamental investors reduces price

informativeness. In this regime, all fundamental investors buy the score (λ˚ “ 1), and the seller

chooses the minimum noise level (σ˚
u “ σ). An increase in θ produces two opposing effects. First,

more investors trade on the score, so its information is revealed more in the equilibrium price.

Second, the price is more sensitive to the score: the resulting increase in ar strengthens the manager’s
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manipulation incentive and raises the manipulation-induced variance a2
rσ

2
q {c2. Because the seller is

already at her noise floor, she cannot offset this increase. When θ is low, the informational benefit

dominates, and adding fundamental investors raises price informativeness.

Whether this improvement eventually reverses depends on D1. Within the equilibrium region

covered by Proposition 4, greater non-fundamental demand elasticity improves price informativeness

for a fixed investor composition by dampening the price response to the score and weakening

manipulation. As θ increases, the mass of non-fundamental investors shrinks, and this stabilizing

force weakens. In the limiting case θ “ 1, non-fundamental investors are absent, so their manipulation-

reducing effect disappears and economies with different values of D1 converge to the same price

informativeness. For large D1, informativeness at some interior θ can therefore exceed its value at

θ “ 1, producing the hump-shaped pattern.

The cutoff Dcritpσqq identifies when the manipulation effect reverses the overall effect of θ. At

D1 “ Dcritpσqq, the marginal informational benefit of adding fundamental investors exactly offsets

the informativeness loss from stronger manipulation at θ “ 1. If D1 ď Dcritpσqq, the informational

benefit dominates for all θ P p0, 1q and price informativeness is strictly increasing; at equality, its

slope reaches zero only at the endpoint. If D1 ą Dcritpσqq, the manipulation effect eventually

dominates: price informativeness rises initially, reaches its unique maximum at θ̄, and then declines

toward the common endpoint. The non-monotonicity reflects the tension between the informational

gain from greater fundamental participation and the loss of non-fundamental investors’ stabilizing

demand, in a regime where the seller can no longer absorb manipulation-induced noise. Figure 6

illustrates this result.

We focus on full participation in Proposition 5 for tractability. With partial participation, the

seller can adjust the fraction of score buyers through the score fee even when her noise choice is

constrained, complicating a complete characterization. Nevertheless, the results in Proposition IA.1

of the Internet Appendix confirm the robustness of the central role of non-fundamental demand

elasticity. In constrained equilibrium, price informativeness increases with θ when D1 is below a

lower cutoff, and decreases with θ under partial participation when D1 exceeds an upper cutoff.

Proposition 5 covers only the constrained equilibrium. How does θ affect price informativeness
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Figure 6: Price Informativeness and Fundamental Investor Share. The figure plots price
informativeness corrpp, g̃q as a function of the fundamental investor share θ for three values of D1
relative to the critical threshold Dcrit: D1 “ 0.5Dcrit (solid), D1 “ Dcrit (dashed), and D1 “ 2Dcrit
(dash-dotted). When D1 ď Dcrit, price informativeness is monotonically increasing in θ. When
D1 ą Dcrit, price informativeness is hump-shaped, reaching its unique maximum at θ̄ (marked by
the dot and vertical dotted line). All three curves converge to the same value at θ “ 1 (black dot).
Parameter values are A “ 3, c “ 1.5, ρ “ 0.9, σy “ 1.5, σs “ 0.5, σ “ 0.1, and σq “ 8, yielding
Dcrit “ 0.2406.

when the equilibrium is unconstrained? Proposition 2 shows that informativeness in that case

coincides with the benchmark without manipulation, and the following remark characterizes its

relationship with investor composition.

Remark 2. In the unconstrained equilibrium of Theorem 1, corrpp, g̃q is independent of θ under

partial participation (λ˚ ă 1) and decreasing in θ under full participation (λ˚ “ 1).

Remark 2 provides a useful benchmark. In the unconstrained equilibrium with full participation,

price informativeness is also decreasing in θ, but the mechanism is entirely different. In that case,

all fundamental investors already buy the score (λ˚ “ 1), and the seller retains slack in her noise

choice (σ˚
u ą σ). As θ rises, the increased mass of informed traders strengthens information spillover

through the price. The seller responds by adding more noise to the score, which reduces both score

and price informativeness. The decline in informativeness is therefore driven by the seller’s strategic

noise addition, not by the firm manager’s manipulation.

In contrast, in Proposition 5 with D1 ą Dcritpσqq, the seller is constrained at σu “ σ and

32



0.2 0.4 0.6 0.8
0.1

0.2

0.3

0.4

0.5

θ

Φ
˚

A. Φ˚ vs. θ

0.2 0.4 0.6 0.8
0

0.2

0.4

0.6

0.8

1

θ

λ
˚

B. λ˚ vs. θ

2 4

0.12

0.13

0.14

0.15

0.16

0.17

D1

Φ
˚

C. Φ˚ vs. D1

2 4
0

0.2

0.4

0.6

0.8

1

D1

λ
˚

D. λ˚ vs. D1

Figure 7: Comparative Statics in θ and D1. The figure plots the equilibrium score fee Φ˚ and
the fraction of informed fundamental investors λ˚ as functions of the share of fundamental investors
θ (Panels A and B) and the slope of non-fundamental demand D1 (Panels C and D). The blue
shading indicates the constrained equilibrium, which prevails throughout the plotted ranges of θ
and D1. Panels B and D show full participation (λ˚ “ 1) at low values of θ and D1, respectively,
and partial participation (λ˚ ă 1) at higher values. Parameter values are σg “ 1, σy “ 1.5, ρ “ 0.8,
A “ 1, σs “ 0.5, σq “ 2.5, σ “ 0.1, c “ 1.5, and D0 “ 1. Panels A and B hold D1 “ 3; Panels C
and D hold θ “ 0.8.

cannot reduce the added noise further; the decline in price informativeness is driven entirely by

the firm manager’s manipulation. The same qualitative result (price informativeness declining in

θ) thus arises from two distinct forces: the seller’s strategic noise addition in the unconstrained

equilibrium with full participation and the manager’s manipulation in the constrained equilibrium.

The latter channel is the novel contribution of the model and operates when the seller’s noise choice

is constrained. Figure 7 illustrates the seller’s pricing and participation choices in the constrained

regime as θ (Panels A and B) and D1 (Panels C and D) vary. The score fee declines with θ and

rises with D1. Participation is full at low values of θ and D1 and partial at higher values.

These results shed light on the debate over the rise of benchmarking and passive investing. A

common concern is that as more capital is managed passively or against a benchmark, fewer investors

trade on information and prices become less efficient. When manipulation is severe enough that the

information seller can no longer absorb it, our analysis suggests that this concern is incomplete in

two ways.

First, non-fundamental investors affect price efficiency even though they do not trade on
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information. Price-elastic demand, such as that of equal-weight index funds, target-date funds, and

market makers, dampens the price response to the score and thereby weakens the firm’s incentive to

manipulate it. Price-inelastic demand, such as that of cap-weighted index funds and benchmarked

fund managers (Pavlova and Sikorskaya, 2023), does the opposite.9 The evidence that aggregate

demand for stocks has become less price elastic (Gabaix and Koijen, 2021) is therefore relevant not

only for price volatility but also for information quality.

Second, a shift toward non-fundamental investing need not reduce price informativeness. When

non-fundamental demand is sufficiently elastic and fundamental investors already dominate the

market, a moderate shift toward passive or benchmarked strategies weakens manipulation by

more than it reduces information-based trading, and prices become more informative. When

non-fundamental demand is inelastic, the conventional concern applies. Evaluating the growth of

benchmarking and passive investing therefore requires asking not only how much capital they attract

but also how price elastic the resulting demand is. Green investing, where ESG ratings are hard to

verify and firms’ incentives to greenwash vary widely, is a natural setting in which manipulation is

likely to be severe; we turn to it next.

3.2 Green Investor Participation and Greenwashing

Our results have natural implications for green investing. Green investing, the practice of allocating

capital toward firms with higher “greenness” to promote ESG objectives, has grown rapidly in global

financial markets.10 A distinguishing feature of this market is investors’ reliance on information

intermediaries for assessments of firm greenness. Unlike traditional financial data such as earnings

and revenues, which are subject to established reporting standards and wide public dissemination,

information about a firm’s environmental attributes is difficult to verify independently and is

largely produced and distributed by ESG rating agencies such as MSCI and Sustainalytics (Berg
9In our microfoundation (Appendix A), D1 “ 1{pγpa ` bqσ2

yq, so stronger relative-performance incentives (higher b
for a given a) lower D1.

10According to the Global Sustainable Investment Alliance (2023), total sustainable investment assets under
management reached $30.3 trillion globally in 2022, with non-U.S. markets alone recording a 20% increase relative to
2020. Bloomberg Intelligence (2024) projects these assets will surpass $40 trillion by 2030, representing over a quarter
of projected global assets under management.
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et al. (2022)).11 This informational environment creates strong incentives for firms to engage in

“greenwashing,” that is, the costly manipulation of signals about their environmental performance

to inflate the firm’s reported greenness.12

Our baseline model provides a natural framework for analyzing the interaction between green

investing and greenwashing. The key model primitives can be relabeled as follows. Investors’ utility

still takes the form Eq. (2), with ỹ decomposed as in Eq. (1). We interpret g̃ as the firm’s true

greenness and ỹ as a green investor’s total payoff from holding the stock, which combines greenness

with other firm characteristics (such as cash flow or risk) captured by the residual ϵy. Similar

to Pástor et al. (2021), the parameter ρ measures the importance of greenness in the investor’s

preference. Fundamental investors are green investors, and their mass θ measures green investor

participation. Informed green investors are those who purchase the ESG score from the rating agency,

while uninformed green investors infer greenness from the stock price. We refer to non-fundamental

investors as traditional investors. They do not value greenness; the dimensions of the firm they care

about, such as cash flow, are captured by ϵy, about which no market participant has information.

They therefore have nothing to learn from the score or the price, and their demand takes the form in

Eq. (3).13 Under this interpretation, the score gr corresponds to the ESG score produced by a rating

agency, the firm manager’s signal manipulation δ captures greenwashing activity, the uncertainty σq

reflects the heterogeneity in firms’ incentives to greenwash, and the information seller is an ESG

rating agency that designs and prices the score to maximize profit. Because these relabelings do not

alter any equation or equilibrium condition, all results for the baseline model apply directly to the

green investing setting. We now discuss implications for markets with green investing.

First, the manipulation irrelevance result (Proposition 2) implies that greenwashing, even if

widespread, need not reduce the informativeness of ESG scores or stock prices. What matters is

not how much firms greenwash on average but how predictable their greenwashing is. When firms’
11According to a 2022 survey by management consultancy Opimas, just four ESG data providers account for nearly

70% of the market, with MSCI alone commanding approximately 31%.
12A prominent example is the Volkswagen emissions scandal, in which the company admitted to rigging emissions

tests in over eleven million diesel vehicles worldwide, falsely marketing them as “clean diesel,” resulting in more than
$30 billion in global penalties.

13For example, if a traditional investor has CARA utility over the firm’s cash flow, her demand is linear in the price,
as in Eq. (3), with slope D1 equal to the inverse of the product of her risk aversion and the cash-flow variance. More
risk-tolerant traditional investors thus correspond to a higher D1.

35



incentives to greenwash are similar (low σq), investors discount the average inflation in the ESG

score, and the rating agency offsets the remaining manipulation-induced noise by reducing its own

added noise σu, so that score and price informativeness are the same as in the benchmark without

greenwashing. Only when σq ě σ:
q can greenwashing make the ESG score and the stock price less

informative about the firm’s true greenness.

Second, a central goal of green investing is to improve price discovery about firms’ environmental

attributes, yet expanding green investor participation can undermine it. By Proposition 5, when

firms’ greenwashing incentives are sufficiently heterogeneous (σq ě σfull
q ) and traditional investors’

demand is sufficiently price elastic (D1 ą Dcritpσqq), price informativeness about greenness, corrpp, g̃q,

is hump-shaped in θ. When θ is low, more green investors trade on the ESG score, and their aggregate

demand impounds more information about g̃ into the stock price. When θ is high, green investors

replace traditional investors, whose elastic demand dampens the price response to the ESG score.

The price then becomes more sensitive to the score, the firm manager’s incentive to greenwash

strengthens, and further increases in θ reduce price informativeness. Under these conditions, the

model predicts an interior level of green investor participation that maximizes price informativeness

about true greenness.14 For regulators, the result suggests that policies expanding the green investor

base without strengthening anti-greenwashing enforcement may reduce price informativeness about

true greenness.

4 Extensions

In this section, we examine four extensions to the baseline model. The extensions are designed

to shed further light on the implications of information manipulation in the following settings:

real investment, mandate investing, endogenous verification, and multidimensional score design.

Collectively, these cases illustrate the broader applicability of the mechanisms highlighted in the

baseline framework.
14This prediction contrasts with Goldstein et al. (2026), in which price informativeness increases monotonically

with the share of green investors, because their model does not feature endogenous information manipulation. In our
model, when σq ě σfull

q but traditional investors’ demand is relatively inelastic (D1 ď Dcritpσqq), price informativeness
also rises with θ throughout.
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4.1 Information Manipulation and Real Investment

In the baseline model, the firm manager can boost the stock price only through signal manipulation,

which distorts the information content of the score without creating real value and is therefore a pure

deadweight loss. In practice, firms can also raise their stock price by making real investments that

improve firm quality, such as expanding productive capacity, investing in research and development,

or, in the case of green investing, investing in technology that reduces carbon emissions. An

important distinction is that information manipulation (distorting financial disclosures, engaging in

fraudulent accounting, or misrepresenting research results) is typically an ex-post action, while real

investment is typically an ex-ante action.

A natural concern is that manipulation may crowd out real investment: when the firm manager

can inflate the stock price cheaply by distorting the score, he may have less incentive to create

genuine value. To examine whether and when such crowding out occurs, we add an ex-ante

investment stage to the baseline model. Because the manager’s manipulation and investment

costs are separable, crowding out cannot arise from a direct trade-off in his own problem; any

interaction must operate through the information market, that is, through how manipulation affects

the score’s informativeness and hence the price response to the score. We show that crowding out

is regime-dependent: cheaper manipulation has no effect on real investment in the unconstrained

equilibrium, where the information seller absorbs the manipulation-induced noise, but reduces real

investment in the constrained equilibrium, where she can no longer do so.

Ex Ante investment. At a new stage t “ ´1, the firm manager searches for an investment

project of quality I P R, incurring effort cost cI
2 I

2 with cI ą 0. The investment raises the value of g̃

to g̃ ` I, so that the payoff decomposition becomes

ỹ “ ȳ ` ρσy

`

g̃ ` I
˘

` ϵy. (17)

The choice of I is private information of the manager. At time 0, market participants form a

common belief Ĩ; in equilibrium, the consistency condition Ĩ “ I holds. The continuation game is
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otherwise identical to the baseline: the manager privately observes their manipulation incentive q,

which is realized after investment I is chosen, and chooses manipulation δ. The realized score now

incorporates the investment,

gr “ g̃ ` I ` u` δ. (18)

Real investment thus creates genuine fundamental value in ỹ, while signal manipulation only distorts

the information environment.

Continuation equilibrium. Because I shifts only means and leaves all conditional variances

unchanged, the structure of the continuation equilibrium carries over from the baseline.

Lemma 6. For any market belief Ĩ, the time-0 continuation equilibrium is characterized by Theo-

rem 1. The case boundaries and the equilibrium objects λ˚,Φ˚, σ˚
u, δ

˚ are independent of Ĩ, and the

equilibrium price takes the form

p “ a0pĨq ` a˚
rgr ` a˚

s s̃, (19)

where the loadings pa˚
r , a

˚
s q coincide with their baseline values; only the intercept a0 depends on Ĩ.

The market belief Ĩ shifts every investor’s conditional mean of ỹ by ρσy Ĩ but changes no

conditional variance. Since the information seller’s design problem, the price loadings, and the case

boundaries all depend on conditional variances (and not on conditional means), they are identical

to their baseline values. Only the price intercept responds to Ĩ. Intuitively, the ex-ante investment

genuinely raises firm value but leaves the information environment untouched.

The firm manager’s optimal investment choice is characterized in the following result.

Lemma 7. The firm manager’s time ´1 problem is equivalent to

max
I

q̄ Erps ´
cI

2 I
2, (20)

with unique optimum

I˚ “
q̄

cI
a˚

r . (21)

Because I is unobservable, its marginal benefit runs entirely through the score’s price pass-
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through a˚
r : any force that dampens how strongly the price responds to the score also dampens the

firm’s real investment incentive.

Manipulation and real investment. We now turn to how the firm manager’s information

manipulation affects real investment.

Proposition 6. In the unconstrained equilibrium, dI
˚

dc
“ 0. In the constrained equilibrium, dI

˚

dc
ą 0.

The proposition uncovers a regime-dependent interaction between ex-post manipulation and

ex-ante real investment that runs through the information seller’s design. By (21), the firm manager’s

investment incentive is governed entirely by the price pass-through a˚
r : anything that weakens how

strongly the price responds to the score also weakens the incentive to create genuine value. The

manipulation cost c affects a˚
r only when the seller can no longer absorb additional manipulation

noise through her own noise choice. In the unconstrained regime she retains that slack, so a˚
r (and

therefore I˚) is independent of c, and manipulation and investment activities are independent. In

the constrained regime, the slack is gone: a fall in c raises manipulation δ˚, increases the noise in gr,

lowers a˚
r , and thereby reduces I˚. Cheaper manipulation thus does double damage in this regime,

simultaneously inflating signal distortion and discouraging real value creation.

The crowding out arises because investment and manipulation enter the score identically

(see (18)), so investors cannot tell genuine improvements from manipulated ones. Anticipating

manipulation, the market discounts the entire score, including its legitimate component, and the

manager invests less because the price rewards his investment less.

This result points to a real benefit of curbing manipulation beyond improving price informa-

tiveness. In the constrained regime, measures that raise the cost of manipulation, such as stricter

auditing, third-party verification, or penalties for greenwashing, make the price more responsive to

the score and thereby strengthen firms’ incentives to invest; for example, curbing greenwashing can

encourage genuine emissions reductions. The information seller does not internalize this benefit,

because real investment leaves her design problem (including her profit) unchanged (Lemma 6).

As Section 4.3 shows, even when the seller can invest in verification herself, she never restores

informativeness to its unconstrained level. Thus, the effect on real investment strengthens the case
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for policies that curb manipulation directly.

4.2 Mandate Investors

In the baseline model, the score provided by the information seller is valuable because it helps

fundamental investors forecast asset payoffs. In practice, however, some investors may value the

score itself, even if it is noisy or biased (Baghai et al., 2023). This arises when investors face

investment mandates that depend directly on the score, or when fund managers’ compensation

contracts depend on a score-based benchmark portfolio. For example, certain institutional investors

are permitted to invest only in corporate bonds with an investment grade rating, and an ESG fund

may be required to hold a portfolio that exceeds a minimum ESG score.

In this section, we use a variation of the baseline model to examine how the presence of investment

mandates changes the market equilibrium and its implications for market efficiency. We extend the

baseline model by introducing mandate-sensitive non-fundamental demand. The information seller,

the firm manager, all fundamental investors, and the timing remain exactly as in Section 2. The

only modification is to the non-fundamental investor demand function.

In the baseline, each non-fundamental investor’s demand for the risky asset is Dppq “ D0 ´D1p,

which depends only on the price. Here, we replace it with

Dpp, grq “ D0 ´D1p`D2gr, (22)

where D2 ą 0 is a mandate sensitivity parameter and gr is the realized score. It captures the

extent to which non-fundamental investors hold more of the stock when its reported score is higher,

independently of what the score reveals about g̃. For example, index funds that overweight stocks

above an ESG score threshold, or ETFs whose inclusion rules are tied to reported ratings, increase

their holdings when the reported score rises, even if the score’s information about the underlying

attribute has not changed. Many such rules involve thresholds; we adopt the linear specification in

(22) as a tractable approximation. Because these investors respond to the score level rather than to

its informational content, we model them as part of the non-fundamental investor population.When
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D2 “ 0, the model reduces to the baseline.

In Appendix A, we derive this demand from delegated portfolio choice, building on the bench-

marking model of Pavlova and Sikorskaya (2023).15 There, fund managers are paid partly on

absolute performance and partly on performance relative to a benchmark whose holding of the

stock rises with the reported score. D2 equals the share of the contract’s performance pay tied

to the benchmark times the sensitivity of the benchmark’s holding to the score (Proposition A.1).

Mandate demand is therefore stronger when managers’ pay is tied more closely to the benchmark,

or when the benchmark tilts more heavily toward high-score firms.

The score in this model serves two distinct roles. For fundamental investors, the score is a

statistical signal: its value lies in reducing uncertainty about g̃ and hence about ỹ. For non-

fundamental investors who are now mandate-sensitive, the score is a compliance input: its value lies

in determining portfolio allocations, independently of the score’s precision. We assume that the

information seller can price discriminate between these two uses. As in the baseline, fundamental

investors’ decision to purchase the score at a price Φ depends on the score’s informativeness.

Mandate-sensitive non-fundamental investors purchase access to the score level at an exogenous

fixed fee that does not depend on the seller’s design choices pσu, λq.16 Since the revenue from non-

fundamental investors is a constant, the seller’s optimization problem is equivalent to maximizing

revenue from fundamental investors alone, and the formal structure of the seller’s problem is identical

to the baseline.

Assumption 1. D1 ą
ρ

σy
D2.

Assumption 1 guarantees that, as in the baseline, the price becomes less sensitive to the score

when the score becomes noisier. This property keeps manipulation self-limiting: the noise that
15Pavlova and Sikorskaya (2023) frame their analysis in terms of benchmarking rather than mandates, but the two

are closely connected: benchmark relative compensation is one of the principal contractual mechanisms through which
a mandate is implemented. Formally, the benchmark tracking component of the optimal portfolio pins a fraction
of the manager’s position to the prescribed benchmark holding, independently of the manager’s own assessment of
payoffs. This mechanical component of demand is exactly what we mean by a mandate.

16For mandate investors, the score is valuable because a regulatory or contractual rule references it, not because of
what it reveals about fundamental information. Their willingness to pay therefore does not depend on the score’s
precision. MSCI, for instance, licenses the ESG indexes built from its ESG Ratings to the funds that track them,
charging a fee based primarily on those funds’ assets under management; the fee is priced on use and scale, not on the
accuracy of the underlying ratings.
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manipulation adds to the score lowers ar, and with it the manager’s incentive to manipulate.

Investment mandates put this property at risk. When the score becomes noisier, fundamental

investors respond less both to the score and to the price. Mandate investors, by contrast, respond to

the score without regard to its informativeness, so their demand shift per unit of score is unchanged.

The two weaker responses of fundamental investors push the score’s price impact in opposite

directions. Because they trade less on the score, a given change in the score shifts aggregate demand

by less, which lowers its price impact. But because fundamental investors also trade less in response

to the price, the market is less able to absorb demand shifts, so the same shift in demand, including

the unchanged shift from mandate investors, requires a larger price change, which raises the score’s

price impact.

The net effect on the price’s sensitivity to the score is thus ambiguous. When D2{D1 is large

enough, the second effect dominates: the demand shift per unit of score comes mainly from mandate

investors and is unaffected by noise, whereas the demand response to price that absorbs it comes

mainly from fundamental investors and shrinks with noise, so a noisier score moves the price

more rather than less. Assumption 1 rules this out.17 The following lemma characterizes how

the uncertainty in the firm manager’s manipulation incentive determines the equilibrium regime,

paralleling Proposition 3 in the baseline model.

Lemma 8. There exist thresholds σfull
q,M ě σ:

q,M ě 0, with σfull
q,M independent of D2 and σ:

q,M “ σ:
q

when D2 “ 0, such that the equilibrium is unconstrained if and only if σq ă σ:

q,M . Moreover, if

σq ě σfull
q,M , the information seller chooses λ˚ “ 1.

The qualitative structure of Lemma 8 is the same as in the baseline: when σq is low, the seller

retains slack in her noise choice and the equilibrium is unconstrained; when σq is high, the constraint
17Regarding the ratio ρ{σy, intuitively, for a fundamental investor, the information that drives the response to the

score also drives the response to the price, so the two move in lockstep at roughly the rate ρ{σy. Mandate demand
carries no such link; the assumption requires that its ratio of price response to score response, D1{D2, nonetheless
exceed this rate. To see the mechanics in more detail, suppose all fundamental investors observe the score (λ “ 1); the
appendix treats the general case. Let r1 ” Covpg̃, grq{Varpgrq measure the score’s informativeness, which falls as the
score becomes noisier, and let V1 ” Varpỹ | grq “ σ2

yp1 ´ ρ2r1q. A fundamental investor demands pErỹ | grs ´ pq{pAV1q

with Erỹ | grs “ ȳ ` ρσyr1pgr ´Ergrsq, so this demand rises by ρσyr1{pAV1q per unit of score and falls by 1{pAV1q per
unit of price. The two fundamental terms are linked by the identity 1{V1 “ 1{σ2

y ` pρ{σyq ¨ ρσyr1{V1: a fundamental
investor’s price sensitivity equals a noise-invariant floor plus ρ{σy times the investor’s score sensitivity. Market clearing
then gives 1{ar “ ρ{σy ` Ξz, where z ” ´as{ar increases with noise and Ξ ” θ{pAσ2

yq ` p1 ´ θq
`

D1 ´ pρ{σyqD2
˘

; the
assumption ensures Ξ ą 0, so ar falls with noise (see the proof of Lemma 8).
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Figure 8: Mandate Sensitivity and Informativeness. The figure plots score informativeness
corrpgr, rgq (Panel A), the average score Ergrs (Panel B), and price informativeness corrpp, rgq (Panel C)
as functions of the mandate sensitivity D2 in the constrained equilibrium with λ˚ “ 1 and σ˚

u “ σ.
Score informativeness is strictly decreasing and the average score is strictly increasing in D2. Price
informativeness is hump-shaped, reaching its unique maximum at pD2. Open circles denote the limits
as D2 Ò σyD1{ρ. Parameter values are A “ 3, c “ 1.5, ρ “ 0.9, σy “ 1.5, σs “ 2, θ “ 0.5, σ “ 0.1,
D1 “ 1, q̄ “ 1, and σq “ 8.

σu ě σ binds and the equilibrium becomes constrained.

We now examine how mandate sensitivity affects market efficiency in the constrained regime.

Proposition 7. Suppose θ ă 1 and σq ě σfull
q,M , then:

1. Score informativeness Corrpgr, rgq is strictly decreasing in D2.

2. The average score Ergrs is strictly increasing in D2.

3. There is a unique pD2 P

´

0, σy

ρ D1

¯

such that price informativeness Corrpp, rgq is strictly

increasing in D2 on r0, pD2s and strictly decreasing in D2 on
”

pD2,
σy

ρ D1

¯

.

Moreover, as σq Ñ 8 with the other primitives fixed, pD2 Ñ 0.

Proposition 7 shows that, when uncertainty about manipulation incentive σq is sufficiently high,

stronger investment mandates reduce score informativeness and inflate the average score, while price

informativeness first increases and then decreases. Figure 8 illustrates these comparative statics. A

higher D2 makes mandate-sensitive non-fundamental investors respond more strongly to the score,

raising the price sensitivity ar. Because the manager’s optimal manipulation is δ˚ “ arq{c, a higher
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ar increases both average manipulation and the noise it adds to the score. Since the seller’s noise

choice is already at its lower bound, she cannot offset this additional noise: score informativeness

falls and the average score rises. At the same time, stronger mandate demand makes the price

more responsive to the score relative to noisy asset supply. At low D2, this stronger transmission of

score information into prices outweighs the deterioration in score quality, so price informativeness

improves. Beyond the turning point pD2, the deterioration in score quality dominates and price

informativeness declines. As σq Ñ 8, pD2 Ñ 0, so the initial region in which stronger mandates

improve price informativeness vanishes.

We focus on full participation in Proposition 7 for tractability. In a constrained equilibrium

with partial participation, the information seller can adjust λ˚ as D2 changes, which complicates

the comparative statics. The key effects nevertheless extend to partial participation: the Internet

Appendix provides sufficient conditions under which, for sufficiently small supply noise, a local

increase in D2 lowers score informativeness, raises the average score, and lowers price informativeness.

This result highlights a fundamental tension in score-based investment mandates. The mandate

is intended to align portfolios with the attribute g̃, but by making non-fundamental demand respond

to the reported score, it strengthens the firm manager’s incentive to manipulate, thereby degrading

the very information on which the mandate relies. When manipulation uncertainty is high, the

mandate thus undermines its own informational foundation.

The role of mandate investors contrasts with the baseline mechanism in Proposition 4, where

more elastic non-fundamental demand can improve informativeness by weakening manipulation

incentives. The parameter D1 dampens ar by absorbing price pressure, whereas D2 amplifies ar by

adding score-driven demand. Mandate investors thus affect informativeness through two opposing

channels, and the net effect depends on which one dominates.

We next turn to the unconstrained equilibrium, in which the seller can adjust her noise level in

response to stronger mandates.

Proposition 8. When θ ă 1, throughout the unconstrained equilibrium segment, each of

Corrpgr, rgq, Corrpp, rgq, Ergrs
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is strictly increasing in D2. When D2 increases, the equilibrium can change from unconstrained to

constrained at most once, and cannot subsequently return to an unconstrained equilibrium.

In the unconstrained equilibrium, stronger mandate demand induces the seller to provide a more

precise score. The seller normally adds noise to limit information leakage through fundamental

investors’ trades, thereby preserving the value of purchasing the score. Mandate investors, however,

respond to the reported score regardless of its precision. A higher D2 therefore makes added noise

less effective at curbing information transmission into prices, which incentivizes the seller to reduce

noise so that the score remains valuable relative to the free information in the equilibrium price.

Although stronger mandates also raise ar and hence manipulation-induced noise, the seller has room

to adjust: at the optimum, she reduces her own noise by more than the increase in manipulation

noise, so score informativeness rises. Price informativeness rises as well, because the more precise

score strengthens the price’s response to fundamental information relative to supply noise. At the

same time, the higher ar increases average manipulation, so Ergrs rises even as the score becomes

more informative.

Taken together, Proposition 7 and Proposition 8 show that the effects of mandate demand on

market informativeness depend on the equilibrium regime. Throughout the unconstrained regime, a

higher D2 improves both score and price informativeness because the seller reduces her added noise

by more than the increase in manipulation noise. In the constrained equilibrium with λ˚ “ 1 that

prevails at sufficiently high manipulation uncertainty, the seller can no longer make this adjustment.

Stronger mandates then reduce score informativeness, while price informativeness initially rises as

the score is transmitted more strongly into prices and falls once D2 is high enough. Score inflation

occurs in both regimes because stronger mandates increase average manipulation. Inflated scores

can therefore accompany either an improvement or a deterioration in information quality, depending

on the seller’s ability to adjust noise and the strength of mandate demand.

The comparative statics in D2 map directly into the design of fund managers’ compensation

and benchmarks. As discussed after (22), D2 is the share of the contract’s performance pay tied to

the benchmark times the sensitivity of the benchmark’s holding to the score, whereas D1 depends
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on the contract only through its total weight on performance, absolute and relative combined.18

Raising D2 while holding D1 fixed, as in Proposition 7, therefore corresponds to either of two

changes: shifting pay from absolute toward benchmark-relative performance while keeping the total

performance weight unchanged, which raises the benchmarking intensity emphasized by Pavlova

and Sikorskaya (2023), or adopting a benchmark that tilts more steeply toward high-score assets,

such as an ESG-tilted index.

Whether tying fund managers more tightly to score-based benchmarks is desirable depends on the

regime. When the firm manager’s manipulation incentive is relatively predictable and the equilibrium

is unconstrained, tighter benchmarking improves both score and price informativeness (Proposition 8),

although it inflates scores and may eventually push the equilibrium into the constrained regime.

When the manipulation incentive is highly uncertain (σq ě σfull
q,M ), tighter benchmarking makes

scores less informative and more inflated, and beyond pD2 makes prices less informative as well

(Proposition 7). Because pD2 Ñ 0 as σq Ñ 8, the range of benchmarking intensities that improve

price informativeness is narrowest precisely when manipulation incentives are most uncertain. For

asset owners and regulators who design score-based benchmarks, the appropriate strength of the

link to the score therefore depends on how predictable firms’ manipulation incentives are: a strong

link is benign when these incentives are predictable, but should be kept modest, or paired with

measures that curb manipulation, when they are highly uncertain.

4.3 Endogenous Verification

The preceding extensions point to the value of curbing manipulation: it can encourage real investment

(Section 4.1), and it matters for the design of score-based mandates (Section 4.2). This section

examines whether the market itself provides the right incentives to curb manipulation, without

outside intervention. The natural candidate is the information seller, whose score is degraded

by manipulation. Our baseline model shows that the information seller optimally limits score

informativeness to maximize revenue. One might suspect that this limit reflects the seller’s toolkit
18Specifically, D1 “ 1{pγpa ` bqσ2

yq and D2 “ ωg b{pa ` bq, where a and b are the contract’s weights on absolute
and benchmark-relative performance, ωg is the sensitivity of the benchmark’s holding to the score, and γ is the fund
manager’s risk aversion; see Proposition A.1.
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rather than her incentives: she can add noise to the score, but she has no way to remove the

noise created by the firm’s manipulation. A natural question is then: if the seller could invest in

verification, like fraud detection or auditing, that raises the manager’s cost of manipulation, would

she use it to curb manipulation, and would score and price informativeness improve in equilibrium?

This section shows that the effect of giving the information seller a verification technology is

limited: neither score nor price informativeness can exceed its unconstrained level, the level the seller

targets when the noise floor does not bind. The ceiling reflects the seller’s incentives rather than her

toolkit: the unconstrained target already maximizes her revenue, so a more informative score has no

value to her. This is the same logic that underlies manipulation irrelevance (Proposition 2). When

the baseline equilibrium is unconstrained, the seller does not verify at all; when it is constrained,

she may verify, but never enough to reach the unconstrained level. Moreover, the seller does not

internalize the benefits of curbing manipulation that accrue to others, such as higher real investment

in the constrained regime. The information seller’s incentive to curb manipulation is therefore

limited, leaving a potential role for outside intervention.

We extend the baseline model by giving the seller one additional tool. Before choosing the score

fee and noise level, she publicly commits to a verification level v ě 0 at cost ψpvq. Verification

raises the manager’s manipulation cost from c to cpvq, with cp0q “ c ą 0 and c1pvq ą 0, while

the verification cost satisfies ψp0q “ 0, ψ1pvq ą 0, and ψ2pvq ě 0. Both cp¨q and ψp¨q are twice

continuously differentiable.

Given any verification level v, the continuation equilibrium is simply the baseline equilibrium

with manipulation cost cpvq. In particular, setting v “ 0 recovers the baseline model. The seller’s

gross revenue at verification level v is

Rpvq ” max
λPr0,1s, σuěσ

θλΦpλ, σu; cpvqq, (23)

where Φpλ, σu; cq is the score fee of Lemma 1, written with its dependence on the noise level and

the manipulation cost made explicit. She chooses v to maximize net profit:

v˚ P arg max
vě0

␣

Rpvq ´ ψpvq
(

. (24)
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We use “unconstrained levels” to refer to the baseline model’s unconstrained benchmarks for

score and price informativeness (even when those benchmarks cannot be attained).

Proposition 9. If the baseline equilibrium is unconstrained or at the regime boundary, the seller

chooses v˚ “ 0, and the equilibrium is identical to the baseline. Otherwise, the equilibrium with

endogenous verification remains constrained, and both score and price informativeness are below

their unconstrained baseline levels.

The first claim of Proposition 9 follows from manipulation irrelevance: with an unconstrained

baseline, the seller has slack in her noise choice, σ˚
u ą σ, and informativeness is already at her

preferred target. Verification would lower manipulation noise, but she would simply raise σu to keep

total noise where she wants it. Verification therefore brings cost without any revenue benefit, so she

chooses v˚ “ 0.

The second claim covers the strictly constrained case, where the noise floor binds (σ˚
u “ σ) at

v “ 0. Here verification can raise gross revenue by reducing manipulation noise, so the seller may

choose v˚ ą 0. Even then, she stops strictly short of the unconstrained levels. At the unconstrained

target, total noise is at the level that maximizes gross revenue, so the first-order effect of a small

change in total noise on gross revenue is zero. A small cut in verification therefore costs revenue

only at second order but saves verification cost at first order. This conclusion holds for any cp¨q and

ψp¨q satisfying our assumptions. It requires that verification have a strictly positive marginal cost,

ψ1pvq ą 0, but does not otherwise depend on how effective or how costly verification is.

Taken together, these results place an upper bound on what verification can achieve. This bound

has a direct implication for a policymaker or social planner seeking to improve score and price

informativeness. Simply equipping the seller with a verification tool is not sufficient; policies must

also address her incentives or her discretion over score design. Verification can nevertheless have

social value even when informativeness is unchanged. If manipulation costs represent real resource

use, verification reduces wasteful manipulation in the unconstrained regime, a benefit the seller does

not internalize. A planner may then favor positive verification when these resource savings exceed

its cost, even though the seller chooses none.

The source of this shortfall is that curbing manipulation partly produces a public good. A more
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informative score makes the price more informative, which benefits investors who do not buy the

score and, as Section 4.1 shows, the firm’s real decisions. The seller, however, can charge only for

the score, and the information that leaks into the price erodes what buyers are willing to pay for it.

The same logic shapes the effect of outside enforcement. Suppose that a regulator or auditor, rather

than the seller, raises the cost of manipulation. In the unconstrained regime, the seller responds

by adding noise to keep the total noise in the score at her preferred level, so outside enforcement

leaves score and price informativeness unchanged and only reduces wasteful manipulation. In the

constrained regime, the seller does not offset it, and outside enforcement raises informativeness.

Raising informativeness in the unconstrained regime therefore requires imposing constraints on the

seller’s design itself, for example, through precision standards.

Our results also indicate where intervention is especially valuable. Among other factors (Sec-

tion 2.3), the constrained regime arises when investors are highly uncertain about the firm manager’s

manipulation incentive, for example about how strongly a firm is motivated to greenwash, or

about how strongly a manager wants to boost the stock price ahead of equity issuance or earnings

announcements. Such events also raise the average incentive to manipulate, but what matters

for the regime is the uncertainty about it. In the constrained regime, the seller may verify but

stops short of the unconstrained levels, cheaper manipulation can crowd out real investment, and

score-based mandates can reduce score and price informativeness. Efforts to curb manipulation are

therefore especially valuable in settings where manipulation incentives are highly uncertain.

4.4 Multidimensional Score Design

In the baseline model, the information seller observes a single signal about g̃ and controls only the

noise level σu. In practice, information intermediaries such as rating agencies and data vendors

aggregate multiple signals when constructing a score. When the firm manager can manipulate each

signal independently, the seller’s choice of aggregation weights affects both the intrinsic noise in the

score and the firm manager’s effective cost of manipulation. Like verification in Section 4.3, the

weights therefore give the seller a way to raise the cost of manipulation; unlike verification, they are

costless to choose but also change the score’s intrinsic noise.
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This extension examines how the seller optimally designs the score in this richer environment.

The extension delivers two messages. First, once signals can be manipulated, the most informative

score differs from the statistically optimal one. The weights that minimize intrinsic noise, the

standard forecasting solution, can place too much weight on signals that are precise but easy to

manipulate, because the weight on a signal is itself what invites manipulation of it. This is a form of

Goodhart’s law (Hennessy and Goodhart, 2023): a signal’s statistical properties no longer determine

its usefulness once it becomes a target. Second, a profit-maximizing seller need not produce the most

informative score. When the equilibrium is unconstrained, she deliberately limits informativeness,

and many different weight vectors deliver the same profit, so sellers using the same inputs can

produce different scores.

Setup There are N signals about g̃. In the absence of manipulation, signal i equals g̃ ` ui for

i “ 1, . . . , N , where u “ pu1, . . . , uN qJ „ Np0,Σuq. We assume that no two elements of u are

perfectly correlated with each other. As in the baseline, the firm manager observes the scalar

manipulation motive q „ Npq̄, σ2
q q and can manipulate signal i by δi at cost ci

2 δ
2
i , where ci ą 0. The

information seller chooses a weight vector w “ pw1, . . . , wN qJ from the simplex

W “
␣

w P RN
` : 1Jw “ 1

(

,

and sells the resulting score at fee Φ. The score is a linear combination of the manipulated signals:

gr “

N
ÿ

i“1
wipg̃ ` ui ` δiq “ g̃ `

N
ÿ

i“1
wiui `

N
ÿ

i“1
wiδi. (25)

The weight vector w determines two sufficient statistics that govern the equilibrium: the intrinsic

noise variance

σ2
upwq ” wJΣu w, (26)

and the effective manipulation cost cpwq defined by

1
cpwq

”

N
ÿ

i“1

w2
i

ci
. (27)

50



All other primitives, including the timing, investor side, firm side, participation decision, and

equilibrium concept, are identical to those in the baseline model (Section 2).

Equilibrium characterization For any fixed pλ,wq, the firm manager’s optimal manipulation

of signal i is δ˚
i “ pwi{ciq ar q, where ar is the price sensitivity to the score. Substituting, the score

becomes

gr “ g̃ `

N
ÿ

i“1
wiui `

ar

cpwq
q. (28)

This expression is isomorphic to the baseline score with intrinsic noise variance σ2
upwq and effective

manipulation variance σ2
q {cpwq2. The partial equilibrium characterization, the seller’s profit function,

and the unconstrained target of ´as{ar, M˚ “ ρ{σs therefore carry over from the baseline. The

formal statement is given in Appendix B, and the derivation in the Internet Appendix.

The seller’s problem differs from the baseline in that the control variable is the weight vector w

rather than the scalar noise level σu. For each λ P p0, 1s, define the composite noise index

N
ˆ

w;λ,´as

ar

˙

” σ2
upwq ` ar

ˆ

λ,´
as

ar

˙2 σ2
q

cpwq2 , (29)

where ar

´

λ,´ as
ar

¯

is the equilibrium price to score sensitivity. The second term in (29) already

makes the first message of this section clear: because manipulation adds to the noise in the score,

the most informative score must account for how manipulable each signal is, not only for its intrinsic

precision. Let Msdpλq denote the multidimensional analogue of Mpλq in the baseline: the lowest

ratio ´as{ar attainable over feasible weight vectors w at a given participation level λ. A lower

ratio means that the price is more informative about the score. Its formal definition is given in

Appendix B, where we also note that Msdpλq exists, is unique, and is decreasing in λ.

For a given λ, denote the most informative weight vector by

wmaxpλq P arg min
wPW

N pw;λ,Msdpλqq . (30)

By (30), a signal that is highly precise but easy to manipulate may receive a lower weight in

wmax than pure forecasting considerations would dictate. This is Goodhart’s law at work: the firm
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manager’s manipulation of signal i is proportional to its weight wi, so placing more weight on a

signal makes it a worse indicator of g̃. Importantly, the relative contribution of manipulation to the

composite noise is endogenous. It depends on the price sensitivity to the score ar, which is itself an

equilibrium object determined by the investor composition, the share of fundamental investors θ,

and investors’ risk aversion A. Parameters that are entirely unrelated to the statistical properties

of the signals or their manipulability therefore have a direct effect on the optimal score weights.

This channel is absent from standard information design problems and arises here because the score

simultaneously serves as a target for firm manipulation and as a signal for investor learning.

The following theorem characterizes the equilibrium. Its two cases mirror the unconstrained and

constrained cases of the baseline theorem (Theorem 1), with the key distinction that the seller now

chooses a weight vector w in addition to the score fee; Appendix B gives the complete statement.

Theorem 2. Let λ: ” mintλ̄, 1u, where λ̄ is defined in Theorem 1.

1. If Msdpλ:q ď M˚, the equilibrium is unconstrained. The seller chooses λ˚ “ λ:, and any

weight vector w˚ P W that implements the unconstrained target M˚ is optimal. The fraction

of score buyers, the score fee, the score variance, and score and price informativeness attain

their unconstrained target values.

2. Otherwise, the equilibrium is constrained. The seller chooses λ˚ to maximize the baseline objec-

tive (15) with Mpλq replaced by Msdpλq, and the most informative weights, w˚ “ wmaxpλ˚q.

The economic content of Theorem 2 parallels the baseline. In the unconstrained equilibrium,

the seller can reach the unconstrained target M˚ and retains slack in the weight choice: any weight

vector that generates the target total noise is equally profitable, so the optimal weight vector is

generically not unique, and the fraction of score buyers, score fee, score variance, and score and

price informativeness attain their unconstrained target values. In the constrained equilibrium, the

target is infeasible, so the seller has a strict incentive to minimize the composite noise index N by

choosing wmaxpλ˚q; this pins down the weights, and manipulation directly affects the score and

the price. As with verification in Section 4.3, the additional design tool never raises score or price

informativeness above their unconstrained levels: in the unconstrained regime the seller does not
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Figure 9: Optimal Score Weight in the Two Signal Case. The figure plots the optimal weight
w˚ on signal 1 in the constrained equilibrium of Theorem 2 as a function of c1 (left panel), A (middle
panel), and θ (right panel). In each panel, the solid blue line is the optimal weight w˚, the dashed
red line is the intrinsic precision benchmark wu, and the dotted black line is the manipulation
robust benchmark wc. Baseline parameter values are reported in Appendix B.1. In each panel, the
parameter on the horizontal axis varies while all others are held at their baseline values.

need it, and in the constrained regime even the most informative weights fall short of the target.

Figure 9 illustrates this trade-off with two signals (see Appendix B.1 for the analysis). It plots

the optimal weight w˚ on signal 1 against two benchmarks: the intrinsic precision benchmark wu,

which minimizes intrinsic noise alone, and the manipulation-robust benchmark wc, which minimizes

manipulation alone. The optimal weight lies between the two (Proposition A.2) and moves toward

wc as the equilibrium intensity of manipulation a˚
rσq rises. In the figure’s parameterization, a˚

r falls

with risk aversion A and rises with the mass of fundamental investors θ, so w˚ moves toward wu as

A rises and toward wc as θ rises, even though neither parameter affects the signals’ precision or

manipulability.

These results have two practical implications. First, a scoring methodology should not be judged

by statistical fit alone: weights fitted to the inputs’ past predictive power can overweight inputs

that become targets for manipulation once the score is in use. Second, disagreement among rating

providers need not reflect differences in data or skill, and the model points to two sources. When

the equilibrium is unconstrained, providers that use the same signals can rationally choose different
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weights, because many weight vectors are equally profitable. This source is more likely to matter

where manipulation incentives are less uncertain, and it may contribute to the divergence of credit

ratings across agencies (Cantor and Packer, 1997). When the equilibrium is constrained, each

provider chooses the most informative weights, but these depend on how manipulable each input is

and on the equilibrium intensity of manipulation, arσq, not only on the inputs’ statistical precision.

Providers that agree on the precision of the inputs but assess their manipulability differently therefore

choose different weights, and this disagreement grows with manipulation uncertainty. This effect

can contribute to the well-documented divergence of ESG ratings (Chatterji et al., 2016; Berg et al.,

2022), where uncertainty about firms’ greenwashing incentives is likely high.

These results also connect to the policy discussion in Section 4.3. In the unconstrained regime,

the seller deliberately chooses weights that are less informative than she could achieve. Raising

informativeness in this regime therefore requires limiting the seller’s discretion over the design

itself, for example through minimum precision standards for scores, and only to the extent that

she cannot offset such standards in other ways. In the constrained regime, by contrast, the seller

already chooses the most informative weights, so design mandates add little. Outside enforcement

that makes specific inputs harder to manipulate is then more useful: it reduces manipulation noise

directly, and it allows the seller to place more weight on precise inputs that she would otherwise

discount for fear of manipulation.

5 Conclusion

This paper studies a market for manipulable information in which firm managers, investors, and

a monopolistic information seller interact strategically. Our framework shows that the effects

of information manipulation depend not only on the firm manager’s incentive to distort signals,

but also on the equilibrium response of investors and the information seller. A central insight

is that manipulation affects informativeness only once the intermediary can no longer absorb

manipulation-induced noise through its own score design. This gives rise to two distinct regimes: an

unconstrained equilibrium, in which manipulation leaves score and price informativeness unchanged,

and a constrained equilibrium, in which manipulation reduces the informativeness of both scores
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and prices.

The model delivers several implications. First, stronger demand for characteristic-based investing

can become self-limiting, weakening the alignment between firms’ cost of capital and the targeted

characteristic. Second, non-fundamental investors affect market efficiency through their demand

elasticity, which shapes firm managers’ incentives to manipulate. Third, when investment demand is

tied directly to scores and manipulation uncertainty is high, sufficiently strong mandates can backfire

by inducing score inflation and reducing price informativeness. This weaker alignment between

market valuations and the underlying characteristic suggests that mandates may become less effective

at directing capital toward the intended firms through their financing costs. Fourth, when firm

managers can choose both real investment and signal manipulation, cheaper manipulation can crowd

out real investment. Fifth, even when the information seller can invest in verification that raises the

cost of manipulation, score and price informativeness cannot exceed their unconstrained levels: the

ceiling reflects the seller’s incentives, not her toolkit. Finally, when the score aggregates several

manipulable signals, the most informative weights balance signal precision against manipulability

and depend on investor composition and risk aversion, not only on the signals’ statistical properties;

yet a profit-maximizing seller need not choose them, and when she does not, many weight vectors

are equally profitable, so providers using the same inputs can produce different scores. Overall,

the paper highlights how the design and use of information in financial markets can endogenously

distort both prices and real outcomes.
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Appendix

A A Microfoundation for Mandate Demand

This appendix derives the demand function in Eq. (22) of subsection 4.2. Following Pavlova and

Sikorskaya (2023), we consider fund managers whose compensation depends on both absolute

performance and performance relative to a benchmark. We adapt their mechanism by allowing the

benchmark to depend on the reported score and imposing that mandate managers do not learn about

payoffs. Proposition A.1 shows how the demand coefficients are determined by the compensation

contract and how the contract is recovered from them.

There is a continuum of identical mandate managers with total mass 1 ´ θ, each managing

wealth W0 on behalf of a non-fundamental investor. Each manager is infinitesimal and takes the

stock price p and reported score gr as given. A manager chooses ϕ shares of the stock and invests

W0 ´ pϕ in the riskless bond, generating terminal fund wealth W0 ` ϕpỹ ´ pq. Borrowing and short

sales are unrestricted. The fixed fee for access to the score is absorbed into initial wealth.

Mandate managers have no private information about ỹ and, by assumption, do not learn from

either the score or the price. They evaluate portfolios using the unconditional payoff distribution

ỹ „ Npȳ, σ2
yq, keeping its mean and variance fixed regardless of the realized pp, grq. They use

the price to calculate the cost of a position and the score to implement the benchmark. This

distinguishes them from fundamental investors, who update their payoff beliefs using the price and,

when purchased, the score. The absence of learning is an assumption about the managers’ evaluation

rule, rather than a consequence of the compensation contract. Let EM denote expectation under

this fixed distribution, treating pp, grq as given.

The prescribed benchmark holds

ωpgrq “ ω0 ` ωggr, ωg ě 0, (A.1)

shares of the stock and W0 ´ pωpgrq in the riskless bond. As in Pavlova and Sikorskaya (2023), the

benchmark is specified in shares, so its stock holding is fixed as the price varies, holding the score
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constant. The coefficients ω0 and ωg are exogenous and do not depend on score precision. The

fund’s gain relative to investing in the riskless bond is ϕpỹ ´ pq, and the corresponding benchmark

gain is ωpgrqpỹ ´ pq. The manager receives compensation

Cpϕq “ c0 ` aϕpỹ ´ pq ` brϕ´ ωpgrqspỹ ´ pq, a ą 0, b ě 0, (A.2)

where a rewards absolute performance, b rewards performance relative to the benchmark, and c0 is

a fixed payment.

The manager takes the contract as given, has no other risky income, and has CARA utility over

compensation with risk aversion γ ą 0. The portfolio problem is

max
ϕPR

EM

”

´e´γCpϕq
ı

.

Under the fixed normal payoff distribution, this is equivalent to maximizing the certainty equivalent

c0 ` rpa` bqϕ´ bωpgrqspȳ ´ pq ´
γσ2

y

2 rpa` bqϕ´ bωpgrqs2.

The objective is strictly concave, with second derivative ´γσ2
ypa` bq2 ă 0. Its first-order condition,

after dividing by a` b, is

ȳ ´ p´ γσ2
yrpa` bqϕ´ bωpgrqs “ 0.

Hence the unique optimal holding is

ϕ˚pp, grq “
ȳ ´ p

γpa` bqσ2
y

`
b

a` b
pω0 ` ωggrq. (A.3)

Since each manager demands ϕ˚pp, grq shares, aggregate mandate demand is p1 ´ θqϕ˚pp, grq.

Equation (A.3) expresses the demand in terms of the manager’s risk aversion γ, the compensation

contract pa, bq, and the benchmark pω0, ωgq. Taking γ and the benchmark as given, the following

proposition states the relation between the contract and the demand function in our model D0 ´

D1p`D2gr in both directions.
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Proposition A.1. Fix γ ą 0 and a benchmark pω0, ωgq with ωg ą 0.

1. Given a contract pa, bq with a ą 0 and b ě 0, the manager’s demand is D0 ´D1p`D2gr with

D1 “
1

γpa` bqσ2
y

, D2 “
b

a` b
ωg, D0 “

ȳ

γpa` bqσ2
y

`
b

a` b
ω0.

2. Given pD1, D2q with D1 ą 0 and 0 ď D2 ă ωg, the contract that generates them is unique:

a “
1 ´D2{ωg

γD1σ2
y

, b “
D2{ωg

γD1σ2
y

. (A.4)

The intercept is then implied by the slopes, D0 “ D1ȳ ` pω0{ωgqD2.

Proof. Part 1 is (A.3). For Part 2, the expressions for D1 and D2 in Part 1 give a` b “ 1{pγD1σ
2
yq

and b{pa` bq “ D2{ωg. Solving for a and b yields (A.4), with b ě 0 and a ą 0 because 0 ď D2 ă ωg.

Substituting b{pa` bq “ D2{ωg into the expression for D0 gives the implied intercept.

The intercept D0 is thus implied by the slopes rather than chosen freely. This restriction is

innocuous: D0 enters the equilibrium only through the mean price in (A.32) and plays no role in

any of our results, so we do not discuss it further.

Remark A.1. The baseline demand D0 ´D1p of Section 2 is the special case of a score-independent

benchmark, ωg “ 0, which gives D2 “ 0 and D0 “ D1ȳ ` b
a`bω0. It includes pure absolute-

performance contracts, b “ 0, for which D0 “ D1ȳ. The microfoundation therefore covers both the

baseline and the mandate extension.

B Multidimensional Score Design: Formal Details

This appendix collects the formal objects behind Theorem 2 in subsection 4.4. As in (29), the ratio

argument of ar and N is ´as{ar. Evaluations at Msdpλq or M˚ use the lowest attainable ratio or

the unconstrained target, respectively. For each λ P p0, 1s, define Msdpλq as the unique solution of

ρ2 `
ρ θλ

Aσy
Msdpλq “ 1 ` min

wPW
N pw;λ,Msdpλqq . (A.5)
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where N is the composite noise index defined in subsection 4.4. The proof of Theorem 2 in the

Internet Appendix shows that Msdpλq exists, is unique, and is decreasing in λ.

We assume that for every λ P p0, 1s, whenever Msdpλq ď M˚, there exists a weight vector w P W

such that

1 ` N pw;λ,M˚q “ ρ2
ˆ

1 `
θλ

Aσsσy

˙

.

That is, whenever the most informative feasible design is at least as informative as the unconstrained

target, Msdpλq ď M˚, the seller can choose weights to implement M˚ exactly.

The following theorem gives the complete statement of Theorem 2.

Theorem 3. In the multidimensional score design extension, the seller’s optimal fee Φ˚ and weight

vector w˚ are characterized as follows.

1. If λ̄ ď 1 and Msdpλ̄q ď M˚, then the equilibrium is unconstrained. The seller chooses λ˚ “ λ̄,

sets the corresponding fee Φ˚, and any w˚ P W satisfying

1 ` N pw˚; λ̄,M˚q “ ρ2
ˆ

1 `
θλ̄

Aσsσy

˙

(A.6)

is optimal.

2. If λ̄ ą 1 and Msdp1q ď M˚, then the equilibrium is again unconstrained. The seller chooses

λ˚ “ 1, sets the corresponding fee Φ˚, and any w˚ P W satisfying

1 ` N pw˚; 1,M˚q “ ρ2
ˆ

1 `
θ

Aσsσy

˙

(A.7)

is optimal.

3. Otherwise, the equilibrium is constrained. The seller chooses

λ˚ P arg max
λPr0,1s

λ ln

¨

˝1 `
Aσ2

sσ
2
y

θλ
´

ρσy

Msdpλq
` θλ

A `
σ2

sσy

ρ Msdpλq

¯

˛

‚, (A.8)

where the objective is defined as zero at λ “ 0. This is the same objective as in (15), with
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Mpλq replaced by Msdpλq. An optimal weight vector is given by

w˚ “ wmaxpλ˚q. (A.9)

B.1 Two-signal case

To obtain sharper comparative statics, we specialize to N “ 2 and focus on the constrained

equilibrium. Write w1 “ w and w2 “ 1 ´ w for w P r0, 1s. Given the equilibrium values λ˚ and

Msdpλ˚q, the seller’s weight choice reduces to

min
wPr0,1s

Lpwq ” Vupwq ` a˚2
r σ2

q mpwq2, (A.10)

where

Vupwq “ w2pΣuq11 ` 2wp1 ´ wqpΣuq12 ` p1 ´ wq2pΣuq22, (A.11)

mpwq “
w2

c1
`

p1 ´ wq2

c2
, (A.12)

and a˚
r “ arpλ˚,Msdpλ˚qq is the equilibrium price sensitivity to the score. The objective Lpwq

decomposes the seller’s problem into two channels: minimizing intrinsic noise (through Vu) and

minimizing the firm manager’s equilibrium manipulation (through m).

Two natural benchmarks emerge. The intrinsic precision benchmark wu minimizes Vupwq alone:

wu “
pΣuq22 ´ pΣuq12

pΣuq11 ` pΣuq22 ´ 2pΣuq12
. (A.13)

The manipulation robust benchmark wc minimizes mpwq alone:

wc “
c1

c1 ` c2
. (A.14)

The benchmark wc places more weight on the signal that is more costly to manipulate, since the

firm manager allocates less manipulation to that signal in equilibrium.
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Proposition A.2. Assume 0 ă wu ă 1. Then L is strictly convex and the optimal weight w˚ is

unique, with

w˚ P
“

mintwu, wcu, maxtwu, wcu
‰

. (A.15)

subsection 4.4 discusses how w˚ varies with the equilibrium intensity of manipulation a˚
rσq

and illustrates it in Figure 9. The interval result (A.15) follows because deviating beyond either

benchmark would increase both components of L simultaneously.

Figure 9 uses the baseline parameter values σy “ 2, σs “ 0.5, σg “ 1, σq “ 1.5, ρ “ 0.8,

A “ 1, θ “ 0.5, D1 “ 0.5, c1 “ 1, c2 “ 2, pΣuq11 “ 0.5, pΣuq22 “ 0.8, and pΣuq12 “ 0.1. Here

pΣuqij “ Covpui, ujq denotes the covariance of the intrinsic signal errors.

C Proofs

C.1 Proof of Proposition 1

Fix σu ě σ and λ P p0, 1s. We derive the manager’s strategy and investors’ demands, then establish

existence and uniqueness of the price coefficients.

1. Manipulation and posterior beliefs. Conjecture a linear price p “ a0 ` argr ` ass̃ with ar ą 0 and

as ă 0. The manager’s objective in (4) is strictly concave in δ, with first-order condition qar ´cδ “ 0.

Thus δ˚ “ arq{c and, by (5), gr “ g̃ ` u` arq{c.

Let FI and FU be generated by pgr, pq and p, respectively, and write ḡr “ ar q̄{c and p̄ “ Erps.

Define

r1 ”
1

1 ` σ2
u ` a2

rσ
2
q {c2 , r2 ”

1
1 ` σ2

u ` a2
rσ

2
q {c2 ` pas{arq2σ2

s

. (A.16)

Given gr, the price reveals only supply. Gaussian updating therefore gives

Erỹ | FIs “ ȳ ` ρσyr1pgr ´ ḡrq, Varrỹ | FIs “ V1, (A.17)

Erỹ | FU s “ ȳ ` ρσyr2
p´ p̄

ar
, Varrỹ | FU s “ V2, (A.18)
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where Vi ” σ2
yp1 ´ ρ2riq ą 0 for i “ 1, 2, since σu ě σ ą 0.

2. Market clearing and price loadings. CARA–normal portfolio choice gives ϕi “ pErỹ | Fis ´

pq{pAVarrỹ | Fisq for i P tI, Uu. Market clearing requires

θtλϕI ` p1 ´ λqϕU u ` p1 ´ θqpD0 ´D1pq “ s̃. (A.19)

Substituting the posterior moments and multiplying by A yields

θλ
ȳ ` ρσyr1pgr ´ ḡrq ´ p

V1
` θp1 ´ λq

ȳ ` ρσyr2pp´ p̄q{ar ´ p

V2

`Ap1 ´ θqpD0 ´D1pq “ As̃.

(A.20)

Taking differentials gives

„

θ

ˆ

λ

V1
`

p1 ´ λqp1 ´ ρσyr2{arq

V2

˙

`Ap1 ´ θqD1

ȷ

dp “ θ
λρσyr1
V1

dgr ´Ads̃. (A.21)

Matching coefficients with dp “ ardgr ` asds̃ gives

„

θ

ˆ

λ

V1
`

p1 ´ λqp1 ´ ρσyr2{arq

V2

˙

`Ap1 ´ θqD1

ȷ

as “ ´A, (A.22)
„

θ

ˆ

λ

V1
`

p1 ´ λqp1 ´ ρσyr2{arq

V2

˙

`Ap1 ´ θqD1

ȷ

ar “ θ
λρσyr1
V1

. (A.23)

Dividing these equations and using V1 “ σ2
yp1 ´ ρ2r1q yields

as

ar
“ ´

AV1
θλρσyr1

ă 0, (A.24)

1
r1

“ ρ2 `
ρθλ

Aσy
z, (A.25)

1
r2

´ ρ2 “
1
r1

´ ρ2 ` z2σ2
s “

ρθλ

Aσy
z ` z2σ2

s , (A.26)

where z ” ´as{ar ą 0. Rearranging (A.23) gives

„

θ

ˆ

λ

V1
`

1 ´ λ

V2

˙

`Ap1 ´ θqD1

ȷ

ar “ θρσy

ˆ

λr1
V1

`
p1 ´ λqr2

V2

˙

. (A.27)

66



Both the coefficient and the right-hand side are positive, implying ar ą 0 and hence as ă 0.

Substituting Vi “ σ2
yp1 ´ ρ2riq and (A.25)–(A.26) gives

1
ar

“
ρ

σy
`

ˆ

θ

Aσ2
y

` p1 ´ θqD1

˙

z
Aσ2

sσ
2
yz ` ρσyθλ

Aσ2
sσ

2
yz ` ρσyθ

. (A.28)

Thus ar is a positive function of z, and as “ ´zar.

3. Existence, uniqueness, and the intercept. The fraction in (A.28) is positive and nondecreasing in z

because 0 ă λ ď 1. Its product with z is therefore strictly increasing, so arpzq is strictly decreasing.

The definition of r1 gives
1
r1

“ 1 ` σ2
u ` a2

r

σ2
q

c2 . (A.29)

Combining this with (A.25) yields

ρ2 `
ρθλ

Aσy
z “ 1 ` σ2

u ` arpzq2σ
2
q

c2 . (A.30)

The left-hand side is strictly increasing in z and diverges, while the right-hand side is continuous,

bounded, and weakly decreasing. At z “ 0, the left-hand side is strictly smaller because ρ2 ď 1 ă

1`σ2
u. Hence there is a unique solution z ą 0, which uniquely determines ar ą 0 and as “ ´zar ă 0.

Taking expectations in (A.20) determines the mean price:

p̄ “
θ
´

λ
V1

` 1´λ
V2

¯

ȳ `Ap1 ´ θqD0 ´As̄

θ
´

λ
V1

` 1´λ
V2

¯

`Ap1 ´ θqD1
. (A.31)

Since p̄ “ a0 ` arḡr ` ass̄ and ḡr “ ar q̄{c, the unique intercept is

a0 “ p̄´

ˆ

a2
r

q̄

c
` ass̄

˙

. (A.32)

The resulting price and demands clear the market, and δ˚ “ arq{c is the manager’s unique optimum.

This establishes the stated equilibrium and uniquely determines its price coefficients.
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C.2 Proof of Theorem 1

Use z “ ´as{ar, r1, r2, and V1, V2 from the proof of Proposition 1.

1. Revenue and feasibility. By Lemma 1 and (A.25)–(A.26), revenue is θΠpλ, zq{p2Aq, where

Πpλ, zq ” λ ln V2
V1

“ λ ln 1 ´ ρ2r2
1 ´ ρ2r1

, (A.33)

V2
V1

“ 1 `
Aσ2

sσ
2
y

θλ pρσy{z ` θλ{A` σ2
sσyz{ρq

. (A.34)

For fixed λ ą 0, arpzq strictly decreases by (A.28). Thus (A.30) makes σu strictly increasing in z,

with feasible ratios exactly rMpλq,8q. The seller’s problem at positive participation is therefore

max
0ăλď1, zěMpλq

Πpλ, zq. (A.35)

The same equations imply that M is continuous and strictly decreasing: at fixed z, increasing

λ raises the left-hand side of (A.30) and lowers ar on the right-hand side. Also, (11) gives

Mpλq ě Aσyp1 ` σ2 ´ ρ2q{pρθλq Ñ 8 as λ Ó 0.

2. The unconstrained optimum. For fixed λ ą 0, maximizing (A.34) amounts to minimizing

ρσy{z ` σ2
sσyz{ρ. Its unique minimizer and the resulting objective are

z “ M˚ “
ρ

σs
, (A.36)

Πpλ,M˚q “ λ ln
˜

1 `
A2σ2

sσ
2
y

θλpθλ` 2Aσsσyq

¸

. (A.37)

With k “ θλ{pAσsσyq, the latter is proportional to fpkq “ k lnp1`1{rkpk`2qsq. Differentiation gives

f 1pkq “ lnp1`1{rkpk`2qsq ´2{rpk`1qpk`2qs, while f2pkq has the sign of k2 ´2. Thus f 1 decreases

from infinity on p0,
?

2q and then increases to zero from below. Its unique zero, λ0 « 0.65146,

uniquely maximizes f . This yields (12) and the relaxed optimum pmintλ, 1u,M˚q.

Since Πpλ, zq increases up toM˚ and decreases thereafter, the optimal feasible ratio is maxtMpλq,M˚u.

The resulting value is continuous for λ ą 0. For feasible choices, 0 ă Πpλ, zq ď ´λ lnr1´ρ2{p1`σ2qs,
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so it extends continuously to zero at λ “ 0. A positive maximum therefore exists on r0, 1s.

3. The three cases. Unconstrained equilibrium (partial and full participation). Under their respective

strict inequalities, the relaxed optimum is feasible with σ˚
u ą σ and z “ M˚. Participation is λ˚ “ λ

with partial participation (λ ă 1) and λ˚ “ 1 with full participation (λ ě 1). Substituting these

choices into (A.25), with Varpgrq “ 1{r1, gives (13) and (14), respectively. Equation (A.28) gives

the corresponding loadings:

1
a˚

r

“
ρ

σy
`

ˆ

θ

Aσ2
y

` p1 ´ θqD1

˙

ρ

σs

Aσsσy ` θλ

Aσsσy ` θ
, (A.38)

1
a˚˚

r

“
ρ

σy
`

ˆ

θ

Aσ2
y

` p1 ´ θqD1

˙

ρ

σs
. (A.39)

Constrained equilibrium. Otherwise, Mpmintλ, 1uq ě M˚. If an optimum had slack noise, local

optimality in z would require z “ M˚. Continuity of M would permit local participation changes

at fixed z, so strict unimodality would require λ “ mintλ, 1u, with one-sided changes at the cap.

This contradicts slack because that target is infeasible or on the noise floor. Hence every optimum

has σ˚
u “ σ and z “ Mpλ˚q. Substituting into (A.35) gives (15), with the objective extended by

zero at λ “ 0.

In each case, (9) gives the highest fee sustaining λ˚, completing the characterization.

C.3 Proof of Proposition 2

Use superscript 0 for the benchmark q ” 0 and evaluate unmarked quantities at the equilibrium

with manipulation.

1. Participation and score variance. In (11), setting σq “ 0 weakly lowers Mpλq at each fixed λ ą 0,

while λ and M˚ “ ρ{σs are unchanged. Thus the strict condition for the unconstrained equilibrium,

with partial or full participation, continues to hold in the benchmark. Applying Theorem 1 to both
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economies gives z “ M˚ and

λ0˚ “ λ˚ “ mintλ, 1u, (A.40)

Varpgrq “ ρ2
ˆ

1 `
θλ˚

Aσsσy

˙

, (A.41)

Varpg0
r q “ Varpgrq. (A.42)

By (6) and (5), the scores and noise choices therefore satisfy

gr “ g̃ ` u` arq{c, (A.43)

g0
r “ g̃ ` u0, (A.44)

pσ0˚
u q2 “ pσ˚

uq2 ` a2
rσ

2
q {c2. (A.45)

The benchmark replaces manipulation noise with seller noise and remains interior, since σ0˚
u ě σ˚

u ą

σ.

2. Price coefficients and score fee. The common pλ˚, zq gives the same ar and as by (A.28)

and as “ ´zar. The common score variance and loadings also give the same r1, r2, V1, V2 in

(A.16)–(A.18). Hence (9) implies

Φpλq “
1

2A ln V2
V1
, (A.46)

Φ0˚ “ Φ˚. (A.47)

3. Informativeness and distributions. Equations (A.31) and (A.32) give a common mean price p̄ and

the centered representation p´ p̄ “ arpgr ´ ḡrq ` asps̃´ s̄q, where ḡr “ ar q̄{c and the benchmark

has ḡ0
r “ 0. The noises u ` arpq ´ q̄q{c and u0 are mean-zero Gaussian, independent of pỹ, g̃, s̃q,

and have the same variance by (A.45). Thus the centered scores have the same joint distribution

with pỹ, g̃, s̃q, as do the prices through their common centered representation. Since centering leaves
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correlations unchanged,

corrpgr, g̃q “ corrpg0
r , g̃q, (A.48)

corrpp, g̃q “ corrpp0, g̃q, corrpp, grq “ corrpp0, g0
r q. (A.49)

This also establishes equality of stock-price distributions. The posterior means in (A.17)–(A.18),

common conditional variances, and portfolio demands in the proof of Proposition 1 imply the same

joint distribution of fundamental investors’ holdings. Non-fundamental holdings D0 ´D1p have the

same joint distribution with them. Together with Steps 1–2, this proves the proposition.

C.4 Proof of Proposition 3

Write Mpλ;σqq to make the dependence on manipulation uncertainty explicit. Let DpM,λq “ 1{ar

denote the right-hand side of (A.28) with z “ M , and set κ “ θ{pAσ2
yq ` p1 ´ θqD1.

1. The binding frontier. Equation (11) is equivalent to

F pM,σq;λq ” ρ2 `
ρθλ

Aσy
M ´ 1 ´ σ2 ´

σ2
q

c2DpM,λq2 “ 0.

The proof of Proposition 1 gives a unique positive root for each λ P p0, 1s. Since DM , Dλ ą 0,

we have FM , Fλ ą 0 and Fσq ă 0 for σq ą 0. Thus M is continuous, strictly increasing in σq,

and strictly decreasing in λ. Also, Mpλ;σqq Ñ 8 as σq Ñ 8: otherwise M and D would remain

bounded along a sequence, contradicting (11).

2. The constrained-regime threshold. Set λ: “ mintλ, 1u and M˚ “ ρ{σs. By Theorem 1, the

equilibrium is constrained exactly when Mpλ:;σqq ě M˚. Step 1 therefore gives the finite threshold

σ:
q “ inftσq ě 0 : Mpλ:;σqq ě M˚u. (A.50)

71



Evaluating F at M˚ yields

σ:
q “ cρ

„

1
σy

`
κ

σs

Aσsσy ` θλ:

Aσsσy ` θ

ȷ

ˆ

d

max
"

ρ2
ˆ

1 `
θλ:

Aσsσy

˙

´ 1 ´ σ2, 0
*

.

(A.51)

This includes σ:
q “ 0 when the noise floor already binds at σq “ 0. Continuity and strict monotonicity

imply that the equilibrium is constrained if and only if σq ě σ:
q.

3. Full participation uniformly in θ. Differentiating (A.28) gives 0 ă MDM {D ď 2. At the root,

σ2
q {pc2D2q “ ρθλM{pAσyq ´ p1 ` σ2 ´ ρ2q ă ρθλM{pAσyq, so

FM ď
5ρθλ
Aσy

, Fλ ě
ρθM

Aσy
, ´Mλ “

Fλ

FM
ě
M

5λ.

Choose M0 “ ρ{σs ` 5ρ{pAσ2
sσyq, so that σ2

sσyM0{ρ´ ρσy{M0 ą 5{A, and define

σfull
q “ c

„

ρ

σy
`M0 max

"

D1,
1
Aσ2

y

*ȷ

d

ρM0
Aσy

.

This bound is independent of θ. Since DpM,λq ď ρ{σy ` κM and κ ď maxtD1, 1{pAσ2
yqu, the root

identity above gives σq ă σfull
q whenever M ď M0. Thus σq ě σfull

q forces Mpλ;σqq ą M0 for every

θ, λ P p0, 1s. Hence M ą M˚ throughout, the equilibrium is constrained, and σfull
q ě σ:

q.

Write Hpλq “ ρσy{M `θλ{A`σ2
sσyM{ρ, with M “ Mpλ;σqq. The derivative bound and choice

of M0 give

λH 1pλq “
θλ

A
`
λMλ

M

ˆ

σ2
sσyM

ρ
´
ρσy

M

˙

ă
θλ´ 1
A

ď 0.

For fixed H ą 0, the objective Πpλ,Mpλqq “ λ lnr1 `Aσ2
sσ

2
y{pθλHqs is strictly increasing in λ, since

lnp1 ` xq ą x{p1 ` xq for x ą 0. Decreasing H raises it further, so the objective of the constrained

equilibrium is strictly increasing on p0, 1s. Zero participation gives zero revenue, whereas positive

participation gives positive revenue. Thus λ˚ “ 1 uniquely for every σq ě σfull
q and θ P p0, 1s.

4. Informativeness. In constrained equilibrium, write z “ Mpλ˚;σqq. Equations (A.25)–(A.26)
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imply

corrpgr, g̃q “

„

ρ2 `
ρθ

Aσy
λ˚z

ȷ´1{2
,

corrpp, g̃q “

„

ρ2 `
ρθ

Aσy
λ˚z ` σ2

sz
2
ȷ´1{2

.

The Internet Appendix subsection titled “Proof of Part 2 of Proposition 3” establishes that both z

and λ˚z strictly increase with σq, accounting for the seller’s endogenous participation choice and

transitions at the participation cap. These formulas therefore imply that both correlations strictly

decrease with σq throughout the constrained regime, proving part 2.
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Internet Appendix for

“Market for Manipulable Information”

Hui Chen1 and Jian Sun2

IA.1 Additional Proofs

IA.1.1 Proof of Corollary 1

Fix σu ě σ and λ P p0, 1s, holding all other primitives except σq fixed. Use z “ ´as{ar and r1, r2

from the proof of Proposition 1.

1. Price sensitivity. As established in Step 3 of that proof, (A.28) defines a positive, strictly

decreasing function arpzq, and (A.30) determines a unique z ą 0. In the latter equation, the

left-hand side strictly increases in z, while the right-hand side weakly decreases in z and strictly

increases in σq. Raising σq therefore increases the unique equilibrium z and lowers ar.

2. Manipulation variance. By (6) and (A.30), Varpδ˚q “ a2
rσ

2
q {c2 “ ρ2 `

ρθλ
Aσy

z´1´σ2
u. Its coefficient

on z is positive, so Step 1 implies that manipulation variance strictly increases with σq.

3. Score and price informativeness. The price is p “ a0 ` arpgr ´ zs̃q with ar ą 0, and supply is

independent of gr and g̃. Using (A.16), the three correlations are corrpgr, g̃q “
?
r1, corrpp, g̃q “

?
r2,

and corrpp, grq “
a

r2{r1. Equations (A.25)–(A.26) show that r1 and r2 strictly decrease in z,

so the first two correlations decrease with σq. For the third, r2{r1 “ p1 ` σ2
sz

2r1q´1, where

z2r1 “ rρ2{z2 ` ρθλ{pAσyzqs´1 strictly increases in z. Thus the third correlation also strictly

decreases with σq, completing the proof.
1MIT Sloan and NBER. E-mail: huichen@mit.edu
2Singapore Management University, Lee Kong Chian School of Business. E-mail: jiansun@smu.edu.sg



IA.1.2 Proof of Lemma 1

Fix λ P p0, 1s and use the information sets FI ,FU and posterior variances V1, V2 from the proof of

Proposition 1. Write µI “ Erỹ | FIs and µU “ Erỹ | FU s; Gaussian updating makes both posterior

variances constant.

1. Conditional utility. Before paying a score fee, the investor’s budget is l “ W0 ´ ϕp, so terminal

wealth is W0 ` ϕpỹ ´ pq. Substituting the portfolio demands derived in the proof of Proposition 1

into (2) gives the optimized conditional utilities

UI “ ´ exp
„

´AW0 ´
pµI ´ pq2

2V1

ȷ

, (IA.1)

UU “ ´ exp
„

´AW0 ´
pµU ´ pq2

2V2

ȷ

. (IA.2)

2. The value of the score. The nested Gaussian information sets imply µI | FU „ NpµU , V2 ´ V1q.

Since p is observed under FU , completing the square gives

ErUI | FU s “ ´e´AW0E
„

exp
ˆ

´
pµI ´ pq2

2V1

˙
ˇ

ˇ

ˇ

ˇ

FU

ȷ

(IA.3)

“

c

V1
V2
UU . (IA.4)

The factor
a

V1{V2 is constant across price realizations. Taking expectations again therefore gives

ErUIs “
a

V1{V2 ErUU s, so the same utility comparison applies when investors decide whether to

buy the score, before observing either the score or the price.

3. The fee and seller revenue. Paying Φ reduces initial wealth by Φ and multiplies the buyer’s

expected utility by eAΦ. The marginal investor is therefore indifferent when eAΦa

V1{V2 “ 1, or

Φ “ p2Aq´1 lnpV2{V1q, as in (9). This is the indifference fee for interior participation and the highest

fee supporting λ “ 1. Since the mass of buyers is θλ, the seller’s revenue is θλΦpλq.
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IA.1.3 Proof of Lemma 2

Fix all primitives other than ρ P p0, 1s. Use F,D, κ from the proof of Proposition 3, now writing ρ

explicitly in F pM,ρ;λq and DpM,ρ;λq. Set λ: “ mintλ, 1u, which is independent of ρ by (12).

1. The regime criterion. By Theorem 1 and Step 1 of the proof of Proposition 3, F is strictly

increasing in M and has the unique positive root Mpλq. Thus

the equilibrium is constrained ðñ Mpλ:q ě ρ{σs, (IA.5)

F pMpλq, ρ;λq “ 0, (IA.6)

Mpλ:q ě ρ{σs ðñ F pρ{σs, ρ;λ:q ď 0. (IA.7)

It suffices to determine the sign of F at the unconstrained ratio ρ{σs.

2. The cutoff in ρ. Let Ξ “ 1{σy ` pκ{σsqpAσsσy ` θλ:q{pAσsσy ` θq ą 0. Equation (A.28) gives

Dpρ{σs, ρ;λ:q “ ρΞ. Both α “ 1 ` θλ:{pAσsσyq ą 0 and γ “ σ2
q {pc2Ξ2q ě 0 are independent of ρ, so

F pρ{σs, ρ;λ:q “ Gpρq ” αρ2 ´ p1 ` σ2q ´ γ{ρ2. (IA.8)

Since G1pρq “ 2αρ ` 2γ{ρ3 ą 0, G is strictly increasing on p0,8q. It is negative near zero,

including when γ “ 0, and tends to infinity. Its unique positive zero ρ̄ satisfies ρ̄2 “ r1 ` σ2 `

a

p1 ` σ2q2 ` 4αγs{p2αq. Define ρ: “ mint1, ρ̄u ą 0. Then Gpρq ď 0 if and only if ρ ď ρ: on the

admissible domain p0, 1s, including the case in which every admissible ρ is constrained. Step 1

therefore gives the claimed characterization.

IA.1.4 Proof of Lemma 3

Fix all primitives other than D1 ą 0. Use F,D from the proof of Proposition 3, now writing D1

explicitly in F pM,D1;λq and DpM,D1;λq. Set λ: “ mintλ, 1u, which is independent of D1 by (12).

1. The regime criterion. By Theorem 1 and the strict increase of F in M established in Step 1 of

3



the proof of Proposition 3,

the equilibrium is constrained ðñ Mpλ:;D1q ě ρ{σs, (IA.9)

Mpλ:;D1q ě ρ{σs ðñ F pρ{σs, D1;λ:q ď 0. (IA.10)

If θ “ 1, D1 drops out of (11), so the regime is independent of D1. Set D:
1 “ 8 if the equilibrium is

constrained and D:
1 “ 0 otherwise. It remains to consider θ ă 1.

2. The cutoff in D1. Let η “ pAσsσy ` θλ:q{pAσsσy ` θq, B0 “ 1{σy ` θη{pAσsσ
2
yq ą 0, and

B1 “ p1 ´ θqη{σs ą 0. Equation (A.28) gives Dpρ{σs, D1;λ:q “ ρpB0 ` B1D1q. With ∆ “

ρ2r1 ` θλ:{pAσsσyqs ´ 1 ´ σ2, evaluating F at the unconstrained ratio yields

F pρ{σs, D1;λ:q “ HpD1q ” ∆ ´
σ2

q

c2ρ2pB0 `B1D1q2 . (IA.11)

Thus the equilibrium is constrained exactly when HpD1q ď 0. Because B1 ą 0 and σq ą 0,

H is strictly increasing, so this set is an initial interval. If ∆ ď 0, then HpD1q ă 0 for every

D1 ą 0, so D:
1 “ 8. If ∆ ą 0, then HpD1q Ñ ∆ ą 0 as D1 Ñ 8, and solving HpD1q “ 0

gives D:
1 “ maxt0, rσq{pcρ

?
∆q ´ B0s{B1u. A zero cutoff means that every admissible D1 ą 0 is

unconstrained; equality at a positive finite cutoff is constrained. Together with the case θ “ 1, this

proves the lemma.

IA.1.5 Proof of Lemma 4

Fix all primitives other than A ą 0. Use F,D from the proof of Proposition 3, now writing A

explicitly, and set M˚ “ ρ{σs and λ:pAq “ mintλpAq, 1u. The participation target equals λpAq for

A ď A0 and one for A ě A0.

1. The regime criterion. By Theorem 1 and the strict increase of F in M established in Step 1 of

the proof of Proposition 3, the equilibrium is constrained exactly when GpAq ď 0, where

GpAq ” F pM˚;A, λ:pAqq “ ρ2
ˆ

1 `
θλ:pAq

Aσsσy

˙

´ 1 ´ σ2 ´
σ2

q

c2ρ2ΞpAq2 .
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Here ΞpAq “ DpM˚;A, λ:pAqq{ρ ą 0 is the boundary coefficient used in the proof of Lemma 2.

Substituting into (A.28) gives

ΞpAq “

$

’

’

’

&

’

’

’

%

1
σy

`
p1 ` λ0qrθ{σy `Ap1 ´ θqD1σys

Aσsσy ` θ
, 0 ă A ď A0,

1
σy

`
θ

Aσsσ2
y

`
p1 ´ θqD1

σs
, A ą A0.

Both branches agree at A0, where λpA0q “ 1, so G is continuous. Every positive zero of G belongs

to the constrained region.

2. Monotonicity on each branch. For A ă A0, the first term in G is the constant ρ2p1 ` λ0q.

Differentiation gives Ξ1pAq “ θp1 ` λ0qrp1 ´ θqD1σy ´ σss{pAσsσy ` θq2. Since σq ą 0, G1 has the

same sign as p1 ´ θqD1σy ´ σs on this branch. For A ą A0, the first term in G strictly decreases,

and Ξ1pAq “ ´θ{pA2σsσ
2
yq ă 0, so G strictly decreases. Moreover, limAÑ8 GpAq ď ρ2 ´ 1 ´ σ2 ă 0

because ρ ď 1 and σ ą 0. Thus sufficiently large A always yields a constrained equilibrium.

3. The cutoffs. Part (i): p1 ´ θqD1σy ą σs. The function G strictly increases up to A0 and strictly

decreases thereafter. If GpA0q ď 0, every A ą 0 is constrained; set A: “ Ā: “ A0. If GpA0q ą 0,

there is a unique zero Ā: ą A0. On the lower branch, set A: “ 0 if Gp0`q ě 0; otherwise, the unique

zero lies in p0, A0q and defines A:. Hence the constrained set is p0, A:s Y rĀ:,8q, with unconstrained

set pA:, Ā:q.

Part (ii): p1 ´ θqD1σy ď σs. The function G is continuous and nonincreasing on p0,8q, and

eventually negative. Therefore tA ą 0 : GpAq ą 0u “ p0, A:q for some finite A: ě 0, with A: “ 0

when this set is empty. Its complement is exactly the constrained region A ě A: within A ą 0.

This proves both parts, including the boundary cases.

IA.1.6 Proof of Lemma 5

Fix all primitives other than θ P p0, 1s. Use F,D from the proof of Proposition 3, now writing θ

explicitly. Set M˚ “ ρ{σs, θc “ λ0Aσsσy, and λ:pθq “ mintθc{θ, 1u.

1. The regime criterion. By Theorem 1 and the strict increase of F in M established in Step 1 of
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the proof of Proposition 3, the equilibrium is constrained exactly when Gpθq ď 0, where

Gpθq ” F pM˚; θ, λ:pθqq “ ρ2
ˆ

1 `
θλ:pθq

Aσsσy

˙

´ 1 ´ σ2 ´
σ2

q

c2ρ2Ξpθq2 .

As in the preceding proof, Ξpθq “ DpM˚; θ, λ:pθqq{ρ ą 0 denotes the boundary coefficient. Equa-

tion (A.28) gives

Ξpθq “

$

’

’

’

&

’

’

’

%

1
σy

`
θ

Aσsσ2
y

`
p1 ´ θqD1

σs
, 0 ă θ ď mintθc, 1u,

1
σy

`
p1 ` λ0qrθ{σy `Aσyp1 ´ θqD1s

Aσsσy ` θ
, θc ă θ ď 1.

The second branch is absent if θc ě 1; otherwise the branches agree at θc, where λ: “ 1. Thus G is

continuous on p0, 1s, and Gp0`q ď ρ2 ´ 1 ´ σ2 ă 0.

2. The shape of each branch. On the first branch, Ξ is affine with Ξ1 “ r1{pAσ2
yq ´ D1s{σs.

Hence G1 “ ρ2{pAσsσyq ` 2σ2
q Ξ1{pc2ρ2Ξ3q and G2 “ ´6σ2

q pΞ1q2{pc2ρ2Ξ4q ď 0, so G is concave

there. On the second branch, θλ: “ θc, so the first term in G is constant. Differentiating Ξ gives

Ξ1 “ Ap1 ` λ0qrσs ´ D1σyp1 ` Aσsσyqs{pAσsσy ` θq2. Thus G1 has the sign of D̂1 ´ D1 on this

branch.

3. The cutoffs. Part (i): D1 ď D̂1. Since D̂1 ă 1{pAσ2
yq, the first branch has Ξ1 ą 0 and G1 ą 0,

while the second branch, when present, is nondecreasing. Continuity and Gp0`q ă 0 therefore imply

that tθ P p0, 1s : Gpθq ď 0u “ p0, θ:s for some θ: P p0, 1s. This includes θ: “ 1 when every admissible

θ is constrained, and proves part (i).

Part (ii): D1 ą D̂1. Concavity on the first branch makes its positive set an interval. If the

second branch is present, it is decreasing and joins continuously, so it cannot create a separate

positive interval. Thus the unconstrained set tθ P p0, 1s : Gpθq ą 0u is a single interval or is empty.

If empty, set θ: “ θ̄: “ 1. Otherwise, let θ: be its left endpoint; it is positive because Gp0`q ă 0. If

Gp1q ď 0, take θ̄: to be its right endpoint; if Gp1q ą 0, choose θ̄: ą 1, making the upper constrained

interval empty. By continuity, each chosen cutoff in p0, 1s is constrained. These choices give the two

constrained intervals stated in part (ii), completing the proof.
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IA.1.7 Proof of Proposition 4

Fix an open interval of D1 on which the equilibrium remains constrained. We prove strict monotonic-

ity throughout the interval and strict derivative inequalities wherever the equilibrium is differentiable;

at a participation transition the corresponding one-sided inequalities hold.

1. Normalization and informativeness. Use z “ ´as{ar and k “ θλ{pAσsσyq from the baseline

proofs, and define

k̄ ”
θ

Aσsσy
, ζ ”

σsz

ρ
, h ” k̄ `

p1 ´ θqD1σy

σs
,

b ”
1 ` σ2 ´ ρ2

ρ2 ą 0, ν ”
σ2

qσ
2
y

c2ρ4 ą 0. (IA.12)

Only h varies with D1, with h ě k̄ and dh{dD1 “ p1 ´ θqσy{σs ą 0. Equations (A.28), (A.30), and

(A.34) give the normalized inverse loading, the binding noise constraint, and the seller’s revenue up

to a positive constant:

Dpk, ζ;hq ”
σy

ρar
“ 1 ` h

ζpζ ` kq

ζ ` k̄
, (IA.13)

Gpk, ζ;hq ” pkζ ´ bqDpk, ζ;hq2 “ ν, (IA.14)

pΠpk, ζq ” k ln
ˆ

1 `
1

kpk ` ζ ` ζ´1q

˙

. (IA.15)

Here 0 ă k ď k̄. The conditional noise choice in the proof of Theorem 1 implies ζ ě 1. Equality at

an equilibrium attains the relaxed optimum at its noise floor and therefore marks the boundary

of the constrained regime; inside the stated interval, ζ ą 1. Write x ” kζ and ω ” x´ b ą 0. By

(A.25)–(A.26),

Varpgrq “ ρ2p1 ` xq, corrpgr, g̃q “
1

ρ
?

1 ` x
, (IA.16)

corrpp, g̃q “
1

ρ
a

1 ` x` ζ2
. (IA.17)

It suffices to show that x and ζ strictly decrease with h.
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2. The seller’s first-order condition. For ζ ą 1, define the slope ratios

H ”
pΠk

pΠζ

, T ”
Gk

Gζ
ą 0. (IA.18)

We have pΠζ ă 0 and Gk,Gζ ,Gh ą 0. Subscripts hold the other arguments fixed; a subscript ζ | x

instead holds x “ kζ fixed. With n ” kpk ` ζ ` ζ´1q, differentiation gives

Hk “
2kt1 ´ n lnp1 ` n´1qu ` pζ ` ζ´1q lnp1 ` n´1q

k2p1 ´ ζ´2q
ą 0, (IA.19)

Hζ “
2 ´ p2n` 1q lnp1 ` n´1q

k
´

2H
ζpζ2 ´ 1q

ă 0 if H ą 0.

The signs use n lnp1 ` n´1q ă 1 and lnp1 ` n´1q ą 2{p2n` 1q. For the constraint slope, rearranging

(IA.14) yields

1
T

“ χ
x

ζ2 ` p1 ´ χq

ˆ

1 `
k̄

ζ ` k̄
`

k̄x

ζ2pζ ` k̄q

˙

,

χ ”
ζ ` k̄ ` hpζ2 ` xq

ζ ` k̄ ` hpζ2 ` x` 2ωq
P p0, 1q. (IA.20)

The second term being averaged exceeds the first by pζ2 ` 2k̄ζ ´ xq{rζpζ ` k̄qs ą 0, since x ď k̄ζ.

Both terms increase with x and decrease with ζ at fixed x, while χx ă 0, χζ|x ą 0, and χh ă 0.

Thus

Tk ă 0, Tζ|x ą 0, Th ă 0. (IA.21)

Solve the binding constraint for k “ kpζ, hq, holding ν fixed. Then kζ “ ´1{T and

Gζ|x “ 2ωD h
ζ2 ` 2k̄ζ ´ x

pζ ` k̄q2 ą 0, xζ

ˇ

ˇ

G“ν
“ ´

ζGζ|x

Gk
ă 0.

At an interior optimum, differentiating revenue along this constraint gives pΠζp1 ´ H{T q “ 0. Define

Fpζ, hq ” Hpkpζ, hq, ζq ´ T pkpζ, hq, ζ;hq, so the first-order condition is F “ 0. At any such point

H “ T ą 0, and the signs above imply

Fζ “ Hζ ´
k

ζ
Hk ´ Tζ|x `

Hk ´ Tk

ζ
xζ

ˇ

ˇ

G“ν
ă 0. (IA.22)
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Revenue along the constraint has derivative ´pΠζF{T , so every stationary point is a strict maximum.

Consequently there is at most one interior maximum, and it cannot coexist with a maximum at the

participation cap. If the constraint meets ζ “ 1 before the cap, its participation there exceeds the

relaxed optimum λ0 in normalized units; hence revenue increases when moving from that endpoint

onto ζ ą 1. The baseline existence argument therefore gives a unique constrained optimum. It is

continuous in h: the feasible frontier is continuous, and pΠpk, ζq ă 1{ζ bounds its tail uniformly.

3. Endogenous participation. Suppose k ă k̄. On the binding constraint, let

L ”
Gh

Gk
“

2ωpζ2 ` xq

ζrζ ` k̄ ` hpζ2 ` x` 2ωqs
ą 0, kh “ ´L.

Differentiating this expression gives Lx ą 0: its numerator after removing a positive factor is

pζ ` k̄qpζ2 ` x` ωq ` hrpζ2 ` xq2 ` 2ω2s ą 0. The derivative Lζ|x has the sign of

k̄pζ2 ´ xq ´ 2ζx´ hrζ4 ` 2bpζ2 ´ xq ` 3x2s ă 0.

If x ď ζ2, this follows from h ě k̄, ζ ě 1, and the bracket being at least ζ4. If x ą ζ2, the first two

terms are negative and b ă x makes the bracket greater than pζ2 ` xq2 ą 0. Since xζ |G“ν ă 0, the

total derivative of L along the constraint is negative. Equality of the mixed derivatives of kpζ, hq,

using kh “ ´L and kζ “ ´1{T , consequently gives

0 ă khζ “
Th ´ TkL

T 2 , Fh “ ´HkL ´ pTh ´ TkLq ă 0.

By (IA.22) and the implicit function theorem,

dζ˚

dh
“ ´

Fh

Fζ
ă 0.

Differentiating H “ T along the optimum and using x “ kζ also yields

dx˚

dh
“
ζTh `

`

kHk ´ ζHζ ` ζTζ|x

˘

dζ˚{dh

Hk ´ Tk
ă 0.
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Every sign follows from Step 2. In particular, no sign restriction on dλ˚{dD1 is required.

4. Full participation and transitions. At k “ k̄, the binding constraint reduces to

pk̄ζ ´ bqp1 ` hζq2 “ ν. (IA.23)

Its derivative gives
dζ˚

dh
“ ´

Gh

Gζ
ă 0, dx˚

dh
“ k̄

dζ˚

dh
ă 0. (IA.24)

At a transition between the cap and an interior optimum, (IA.22) gives a smooth continuation

of the interior stationary solution. The cap solution is smooth as well. Locally, the equilibrium

ratio is the larger of the cap and interior ratios, while x is the smaller of their corresponding

products because x decreases along the binding constraint. Both branches have strictly negative

derivatives of x and ζ, including their limiting derivatives at the transition. Hence x and ζ are

strictly decreasing throughout the constrained interval, with negative one-sided derivatives at any

participation transition. Equations (IA.16)–(IA.17) and dh{dD1 ą 0 then establish the claimed

strict increases in both correlations, with strictly positive derivatives wherever differentiable.

IA.1.8 Proof of Part 2 of Proposition 3

1. The normalized problem. Use the normalization and slope ratios in Steps 1–2 of Section IA.1.7,

namely (IA.12)–(IA.15) and (IA.18). In the present comparative static, k̄, h, b are fixed and only

ν “ σ2
qσ

2
y{pc2ρ4q varies. Those steps’ identities and slope signs require only h ě k̄ and therefore

include θ “ 1, when h “ k̄. Work first at σq ą σ:
q, so the optimum satisfies ζ ą 1, kζ ą b, and

Gpk, ζ;hq “ ν. By (IA.16)–(IA.17), it suffices to show that ζ˚ and x˚ “ k˚ζ˚ strictly increase with

ν; these are positive constant multiples of z and λ˚z, respectively.

2. Endogenous participation. Suppose 0 ă k˚ ă k̄. Holding h fixed, solve the binding constraint for

k “ kpζ, νq, giving kν “ 1{Gk ą 0. Write Fpζ, h; νq for the reduced first-order condition in Step 2

of Section IA.1.7, making its dependence on ν explicit. The functions H and T have no direct
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dependence on ν, so

Fν “
Hk ´ Tk

Gk
ą 0, Fζ ă 0,

where the signs follow from (IA.19), (IA.21), and (IA.22). The implicit function theorem consequently

gives a smooth local optimum and
dζ˚

dν
“ ´

Fν

Fζ
ą 0.

Differentiating the stationary equation H “ T , using x “ kζ and holding h fixed, gives

dx˚

dν
“
kHk ´ ζHζ ` ζTζ|x

Hk ´ Tk

dζ˚

dν
ą 0.

Indeed, at the optimum H “ T ą 0, and Step 2 of Section IA.1.7 establishes Hk ą 0, Hζ ă 0,

Tk ă 0, and Tζ|x ą 0.

3. Full participation and boundaries. At k˚ “ k̄, differentiating Gpk̄, ζ˚;hq “ ν yields

dζ˚

dν
“

1
Gζ

ą 0, dx˚

dν
“ k̄

dζ˚

dν
ą 0.

The uniqueness argument in Step 2 of Section IA.1.7 applies for each ν, and the uniform revenue

bound pΠ ă 1{ζ also gives continuity as ν varies. At a participation transition, the cap solution and

the interior stationary solution have smooth local continuations. As in Step 4 of that proof, the

equilibrium ratio is locally the larger of the two ratios, while x is the smaller of their corresponding

products. Both branches have strictly positive derivatives of ζ and x, so these two objects remain

strictly increasing across the transition, even if their ordinary derivatives do not exist there. If

σ:
q ą 0, continuity to the unique relaxed optimum at σq “ σ:

q extends these strict increases to

the constrained-regime boundary. If σ:
q “ 0, every admissible σq ą 0 is already covered. Since

dν{dσq “ 2σqσ
2
y{pc2ρ4q ą 0, both z and λ˚z strictly increase with σq. Equations (IA.16)–(IA.17)

establish the claimed strict decreases in score and price informativeness.

IA.1.9 Proof of Remark 1

Use z “ ´as{ar and Πpλ, zq from the proof of Theorem 1.

11



1. Unconstrained equilibria. Independence of the shocks gives

corrpgr, g̃q “ Varpgrq´1{2, corrpp, g̃q “
“

Varpgrq ` σ2
sz

2‰´1{2
. (IA.25)

In the unconstrained equilibrium, Theorem 1 implies λ˚ “ mintλ, 1u and

z “ M˚ “
ρ

σs
, Varpgrq “ ρ2

ˆ

1 `
θλ˚

Aσsσy

˙

, (IA.26)

corrpp, g̃q “
“

Varpgrq ` ρ2‰´1{2
. (IA.27)

Neither λ˚ nor these expressions depends on D1, proving the unconstrained claim.

2. No manipulation. When q ” 0, the revenue formula (A.33) and feasibility equation (A.30) reduce

the seller’s problem to

max
0ăλď1, σuěσ

Πpλ, zq, (IA.28)

ρ2 `
ρθλ

Aσy
z “ 1 ` σ2

u. (IA.29)

Both the objective and the feasible set are independent of D1. Hence so is the equilibrium

correspondence for pλ, z, σuq. Since Varpgrq “ 1 ` σ2
u, (IA.25) gives the same conclusion for score

and price informativeness.

IA.1.10 Proof of Proposition 5

Fix σq ě σfull
q . Step 3 of the proof of Proposition 3 establishes λ˚ “ 1 and σ˚

u “ σ uniformly over

θ P p0, 1s. Write M “ Mp1q along this equilibrium as θ varies.

1. Parameterizing the equilibrium. Equations (11) and (A.28) give

ρθ

Aσy
M “ 1 ` σ2 ´ ρ2 ` a2

r

σ2
q

c2 ,
1
ar

“
ρ

σy
`

ˆ

θ

Aσ2
y

` p1 ´ θqD1

˙

M. (IA.30)
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Eliminating θM yields

M “
1
D1

«

1
ar

´
ρ

σy
`
Aσy

ρ

ˆ

D1 ´
1
Aσ2

y

˙

˜

1 ` σ2 ´ ρ2 ` a2
r

σ2
q

c2

¸ff

. (IA.31)

The binding equation has FM ą 0, so its solution is smooth for θ ą 0. Differentiating the implied

θparq gives
dθ

dar
“

Aσy

ρD1M2

«

1 ` σ2 ´ ρ2

a2
r

`
σ2

q

c2

ˆ

3 ´
2ρar

σy

˙

ff

ą 0,

since 0 ă ar ă σy{ρ. The first identity in (IA.30) implies M Ñ 8 as θ Ó 0, and the second then

implies ar Ñ 0. Thus ar increases continuously from zero to its value at θ “ 1.

2. At most one interior maximum. By independence of the shocks, price informativeness equals

Jparq´1{2, where Jparq “ 1 ` σ2 ` a2
rσ

2
q {c2 ` σ2

sMparq2. Primes in this step denote derivatives with

respect to ar. Equation (IA.31) gives

M2 “
2

D1a3
r

«

1 `
Aσy

ρ

ˆ

D1 ´
1
Aσ2

y

˙

σ2
q

c2 a
3
r

ff

ą 0.

Positivity is immediate if D1 ě 1{pAσ2
yq; otherwise, M ą 0 in (IA.31) makes the bracket exceed

ρar{σy ą 0. Consequently, J2 “ 2σ2
q {c2 ` 2σ2

s rpM 1q2 `MM2s ą 0. Also, M „ 1{pD1arq as ar Ó 0,

so J 1 Ñ ´8. Strict convexity therefore gives an interior minimum of J exactly when its derivative

at θ “ 1 is positive; otherwise J 1 ă 0 throughout θ P p0, 1q. Because ar increases with θ, these are

precisely the two possible patterns for price informativeness.

3. The cutoff. Let M1 denote M at θ “ 1. It is the unique root above Aσyp1 ` σ2 ´ ρ2q{ρ of

„

ρM1
Aσy

´ p1 ` σ2 ´ ρ2q

ȷ ˆ

ρ

σy
`

M1
Aσ2

y

˙2
“
σ2

q

c2 . (IA.32)

The left-hand side is zero at that bound and strictly increases to infinity above it; in particular, M1

is independent of D1. Define

Dcritpσqq “
σ2

sM1
ρ

Aσy
` 2σ2

sM1

«

ρc2

Aσyσ2
q

ˆ

ρ

σy
`

M1
Aσ2

y

˙3
`

2
Aσ2

y

ff

ą 0. (IA.33)
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Substituting ar “ pρ{σy ` M1{pAσ2
yqq´1 into the derivative of J gives sgn J 1parq|θ“1 “ sgnrD1 ´

Dcritpσqqs. If D1 ď Dcrit, strict convexity yields J 1 ă 0 at every θ P p0, 1q, including when equality

holds at the endpoint. If D1 ą Dcrit, J 1 crosses zero exactly once. Finally, d corrpp, g̃q{dθ “

´J 1parqpdar{dθq{p2J3{2q, which gives the stated derivative signs and the unique interior maximum.

IA.1.11 Investor composition in constrained equilibrium

The following proposition extends the comparative statics in Proposition 5 without imposing full

participation. Its lower cutoff is D̂1 from Lemma 5; the two cutoffs are sufficient conditions, rather

than a complete characterization for intermediate values of D1.

Proposition IA.1 (Investor composition and price informativeness). Suppose σq ą 0 and fix all

primitives other than θ.

(i) If D1 ă D̂1 ” σs{rσyp1 `Aσsσyqs, price informativeness corrpp, g̃q is strictly increasing in θ

on any open interval over which the equilibrium remains constrained.

(ii) If D1 ě 1{pAσ2
yq, price informativeness is strictly decreasing in θ on any open interval over

which the equilibrium remains constrained with 0 ă λ˚ ă 1.

The corresponding derivative inequalities are strict wherever the equilibrium is differentiable.

Proof. 1. The normalized problem. Use pk̄, k, ζ, h, b, νq, x “ kζ, ω “ x´ b ą 0, and pD,G, pΠ,H, T q

from (IA.12)–(IA.18). Define

e ” 1 ´AD1σ
2
y , d ”

D1σy

σs
, h “ d` ek̄,

dk̄

dθ
“

1
Aσsσy

ą 0. (IA.34)

Thus part (i) imposes e ą d ě 0, whereas part (ii) imposes e ď 0 and d ą 0. Write Y ” x` ζ2, so

(IA.17) gives corrpp, g̃q “ 1{rρ
?

1 ` Y s. It suffices to establish the opposite signs for the change in

Y .

First consider a constrained optimum with k ă k̄ and ζ ą 1. At this optimum H “ T ą 0, and
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(IA.22) gives a strict second-order condition. Moreover,

k ą λ0 ą
13
20 , k ă ζ, 0 ă H ă

ζ

k
, 0 ă ω ă x ă ζ2. (IA.35)

To verify the first two bounds, put n “ kpk ` ζ ` ζ´1q as in (IA.19). Direct differentiation gives

pΠk “
npn` 1q lnp1 ` n´1q ´ n´ k2

npn` 1q
, 0 ă npn` 1q lnp1 ` n´1q ´ n “ n

ż 1

0

1 ´ u

n` u
du ă

1
2 .

The integral expression is strictly increasing in n. Since n ą kpk ` 2q and pΠk ă 0, the baseline

first-order condition for λ0 implies k ą λ0. That condition also gives λ0 ą 13{20: its left-hand side

at 13{20 is lnp1089{689q ´ 800{1749 ą 0, using lnrp1 ` tq{p1 ´ tqs ą 2pt` t3{3q at t “ 200{889. The

displayed bound and H “ rk2 ´ npn` 1q lnp1 ` n´1q ` ns{rk2p1 ´ ζ´2qs imply Hpζ, ζq ą 1. Because

Hk ą 0 and T ă ζ{k by (IA.20), k ě ζ would contradict H “ T . This proves (IA.35).

2. A bound on the revenue slope. In coordinates pY, ζq, let

PpY, ζq ” pΠ
ˆ

Y ´ ζ2

ζ
, ζ

˙

, W ” ´
PY

Pζ
“

1
2ζ ` k ´ ζ{H

.

At the optimum, Pζ ą 0 and W ą 0. Indeed, (IA.20) gives k{ζ ă 1{T ă 2 ` k{ζ, and H “ T . We

will use the following strict inequality, where Wζ holds Y fixed:

Wζ ą
W

ζpζ ´ 1q
. (IA.36)

Here is an algebraic verification. Set v “ 1 ´ ζ´2 ą 0. The derivative in (IA.19) has the integral

representation

Hk “
1
k3v

ż 1

0

p1 ´ uqr2n2 ` pn´ k2qus

pn` uq2 du ą
n2

k3vpn` 1{3q2 ą
7

10k3v
.

The first inequality uses Jensen’s inequality with density 2p1´uq; the second uses n ą p13{20qp53{20q “

689{400. The companion derivative in Step 2 of Section IA.1.7 also gives ´Hζ ą 2H{rζpζ2 ´ 1qs.
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Differentiating W at fixed Y , so kζ “ ´2 ´ k{ζ, shows that (IA.36) is equivalent to

ζ2rpζ ´ 1qtp2 ` k{ζqHk ´ Hζu ` Hs ` H2rkpζ ´ 2q ´ 2ζs ą 0.

Substitute the two lower bounds just obtained. The resulting expression is a quadratic in H with

positive constant and linear coefficients. If its quadratic coefficient is nonnegative, it is positive.

Otherwise, concavity and 0 ă H ă ζ{k reduce the verification to the two endpoints. At H “ 0 it is

positive; at H “ ζ{k it equals

ζ3r20k2ζ ´ 20kζ ´ 13k ` 14ζs

10k3pζ ` 1q
ą 0.

For k ď 1, the bracket exceeds 20k2 ´ 33k ` 14 ą 0, since ζ ą 1. For k ě 1, it exceeds

kp20k2 ´ 20k ` 1q ą 0, since ζ ą k. This proves (IA.36).

3. The response of the binding constraint. In the same coordinates, ω “ Y ´ ζ2 ´ b and

G “ ω

ˆ

1 `
hY

ζ ` k̄

˙2
“ ν.

Its derivative with respect to ζ at fixed Y is negative, while its derivative with respect to Y at fixed

ζ is positive. Hence it defines a smooth function ζpY, k̄q along the path (IA.34). Put S ” ζY ą 0

and

N ” ζpζ ` k̄q2 ` hY pζ2 ` k̄ζ ` ωq ą 0,

R ”
N

ζωY
“

pζ ` k̄q2

ωY
`
hpζ ` k̄q

ω
`
h

ζ
ą 0.

Implicit differentiation at fixed Y gives

ζk̄ “
eζ ´ d

ζR
. (IA.37)

We also need RY ą 0, where the derivative follows ζ “ ζpY, k̄q with k̄ fixed. A direct calculation
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gives

RY “
pk̄ ` ζqpA0 ` hA1 ` h2A2q

2ζ2ωY 2N
,

where

A0 “ ´2ζ2pk̄ ` ζq2pk̄ζ ´ xq,

A1 “ pk̄ ` ζqY r2k̄ζ3 ` 3ζ4 ` ζ2x` ωpζ2 ´ xqs,

A2 “ Y 2r4k̄ζ3 ` 2px2 ´ ω2q ` pζ2 ´ xqp5x` ωq ` 3pζ2 ´ xq2s.

By (IA.35), A2 ą 0. Also, h ě k̄, Y ą ζ2, ζ ą 1, and 0 ă x ď k̄ζ imply hA1 ` A0 ą k̄pk̄ ` ζqζ4 ą 0.

Thus RY ą 0 at the optimum.

4. Endogenous participation. Define revenue along the binding constraint by V pY, k̄q ” PpY, ζpY, k̄qq.

Its first-order condition is

VY “ PζpS ´W q “ 0.

The strict second-order condition (IA.22) is preserved by this change of coordinate, so VY Y ă 0.

Differentiating the first-order condition at the optimum, and using (IA.37) and equality of mixed

derivatives of ζ, gives

VY k̄ “ Pζ

„

dS

ζ2R
´ ζk̄

ˆ

RY

R
`Wζ

˙ȷ

,
dY ˚

dk̄
“ ´

VY k̄

VY Y
. (IA.38)

For part (i), e ą d ě 0 and ζ ą 1 imply ζk̄ ą 0. Along the binding constraint,

pζk̄qY

ζk̄

“
dS

ζpeζ ´ dq
´
RY

R
ă

S

ζpζ ´ 1q
“

W

ζpζ ´ 1q
ă Wζ ,

where S “ W at the optimum and the last inequality is (IA.36). Consequently VY k̄ “ Pζζk̄rpζk̄qY {ζk̄´

Wζs ă 0, so dY ˚{dk̄ ă 0. For part (ii), e ď 0 and d ą 0 imply ζk̄ ă 0. Every term in the brackets

in (IA.38) is then positive, because S,R,RY ,Wζ ą 0. Thus dY ˚{dk̄ ą 0. Equation (IA.34) gives

the corresponding signs with respect to θ.

5. Full participation and transitions. For part (i), it remains to consider k “ k̄. Here D “ 1 ` hζ,
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ω “ k̄ζ ´ b, and Y “ k̄ζ ` ζ2. Differentiating (IA.23) along (IA.34) yields

dY

dk̄
“

2ζr´ζD ` ωpd´ 2eζqs

k̄D ` 2hω
ă 0,

because e ą d ě 0 and ζ ě 1. The uniqueness argument and the bound pΠ ă 1{ζ in Step 2 of

Section IA.1.7 apply pointwise and locally uniformly as both k̄ and h vary. Hence the constrained

optimum is continuous in θ. At a participation transition with ζ ą 1, (IA.22) gives a smooth

continuation of the interior stationary branch, while the cap branch is smooth by (IA.23). Along

the binding constraint, Y increases with ζ because S ą 0, so the equilibrium Y is locally the larger

of these two branches. Both have strictly negative derivatives in part (i), including their limits at

the transition. Strict monotonicity therefore survives a participation kink.

Finally, ζ “ 1 at an equilibrium implements the relaxed optimum at the noise floor. In part

(i), the regime characterization in Lemma 5, with D1 ă D̂1, places such points at the boundary of

a constrained interval. In part (ii), a relaxed optimum with partial participation has k “ λ0 and

Gpλ0, 1q “ pλ0 ´ bqr1 ` hp1 ` λ0q{p1 ` k̄qs2. Along (IA.34), drh{p1 ` k̄qs{dk̄ “ pe´ dq{p1 ` k̄q2 ă 0,

and equality to ν ą 0 requires λ0 ą b. The displayed relaxed-floor value therefore decreases strictly

at any such equality, which can occur only at a regime boundary. Continuity extends the strict

monotonicity to any included boundary points. Since price informativeness is strictly decreasing in

Y , these conclusions prove both parts.

IA.1.12 Proof of Remark 2

1. The unconstrained price ratio. By Theorem 1, the unconstrained equilibrium implements

´as{ar “ M˚ “ ρ{σs. Hence (IA.25) gives

corrpp, g̃q “
“

Varpgrq ` ρ2‰´1{2
. (IA.39)

2. The two cases. With partial participation, (12) and (13) imply Varpgrq “ ρ2p1 ` λ0q, so price

informativeness is 1{pρ
?

2 ` λ0q, independent of θ. With full participation, (14) gives Varpgrq “
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ρ2r1 ` θ{pAσsσyqs, so price informativeness is 1{pρ
a

2 ` θ{pAσsσyqq, strictly decreasing in θ.

IA.1.13 Proof of Lemma 6

Fix the market belief Ĩ and use r1, r2, V1, V2 from the proof of Proposition 1.

1. Manipulation and beliefs. For a price p “ a0 ` argr ` ass̃, the manager’s marginal return to

manipulation is qar. Strict concavity therefore gives

δ˚pqq “ arq{c, (IA.40)

gr “ g̃ ` I ` u` arq{c. (IA.41)

For fixed price coefficients, I shifts only the score mean. Under investors’ belief, the score has mean

Ĩ ` ar q̄{c; let p̄ denote the expected price under that belief. The baseline updating formulas become

r´1
1 “ 1 ` σ2

u ` a2
rσ

2
q {c2, r´1

2 “ r´1
1 ` pas{arq2σ2

s , (IA.42)

Erỹ | FI ; Ĩs “ ȳ ` ρσy Ĩ ` ρσyr1pgr ´ Ĩ ´ ar q̄{cq, (IA.43)

Erỹ | FU ; Ĩs “ ȳ ` ρσy Ĩ ` ρσyr2pp´ p̄q{ar, (IA.44)

Varrỹ | FIs “ V1, Varrỹ | FU s “ V2. (IA.45)

Thus the belief shifts means and leaves conditional variances unchanged.

2. Price and seller’s choice. With ϕi “ pErỹ | Fi; Ĩs ´ pq{pAViq, market clearing is

θtλϕI ` p1 ´ λqϕU u ` p1 ´ θqpD0 ´D1pq “ s̃. (IA.46)

Holding Ĩ fixed and taking differentials eliminates the mean shifts:

„

θ

ˆ

λ

V1
`

p1 ´ λqp1 ´ ρσyr2{arq

V2

˙

`Ap1 ´ θqD1

ȷ

dp “ θ
λρσyr1
V1

dgr ´Ads̃. (IA.47)
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This is (A.21), so the unique loadings at each pλ, σuq satisfy

par, asq “ pabase
r , abase

s q. (IA.48)

Taking expectations in (IA.46) then gives

p̄pĨq “
θpλ{V1 ` p1 ´ λq{V2qpȳ ` ρσy Ĩq `Ap1 ´ θqD0 ´As̄

θpλ{V1 ` p1 ´ λq{V2q `Ap1 ´ θqD1
, (IA.49)

a0pĨq “ p̄pĨq ´ arpĨ ` ar q̄{cq ´ ass̄. (IA.50)

By (9), the fee is Φ “ p2Aq´1 lnpV2{V1q. The seller therefore faces the same objective and feasible

set as in the baseline. Applying Theorem 1 gives the same case boundaries, λ˚,Φ˚, σ˚
u, and loadings;

(IA.40) also gives the same δ˚. Only a0 depends on Ĩ.

IA.1.14 Proof of Lemma 7

1. Expected payoff. Fix Ĩ. By Lemma 6, the continuation loadings and δ˚pqq “ a˚
r q{c are independent

of the manager’s private choice I. His full objective and conditional expected price are

W pI; Ĩq “ E
”

qp´
c

2δ
˚pqq2

ı

´
cI

2 I
2, (IA.51)

Erp | I, qs “ a0pĨq ` a˚
r I ` pa˚

r q2q{c` a˚
s s̄. (IA.52)

Using Erq2s “ q̄2 ` σ2
q gives

E
”

qp´
c

2δ
˚pqq2

ı

“ q̄
`

a0pĨq ` a˚
r I ` a˚

s s̄
˘

`
pa˚

r q2

2c pq̄2 ` σ2
q q, (IA.53)

Erps “ a0pĨq ` a˚
r I ` pa˚

r q2q̄{c` a˚
s s̄, (IA.54)

q̄ Erps “ q̄
`

a0pĨq ` a˚
r I ` a˚

s s̄
˘

` pa˚
r q2q̄2{c. (IA.55)

Hence the two objectives differ by a constant independent of I:

W pI; Ĩq “ q̄ Erps ´
cI

2 I
2 `

pa˚
r q2

2c pσ2
q ´ q̄2q. (IA.56)
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2. Optimal investment. The terms depending on I are q̄a˚
r I ´ cII

2{2. Strict concavity gives the

unique optimum I˚ “ q̄a˚
r {cI . Since a˚

r is independent of Ĩ, imposing the equilibrium belief Ĩ “ I˚

leaves this optimum unchanged.

IA.1.15 Proof of Proposition 6

Derivatives are taken along differentiable equilibrium branches within the respective regimes. By

(21) and the maintained assumptions q̄, cI ą 0,

dI˚

dc
“

q̄

cI

da˚
r

dc
. (IA.57)

Use z “ ´as{ar and Dpz, λq “ 1{ar from the baseline proofs. With κ “ θ{pAσ2
yq ` p1 ´ θqD1, the

coefficient equations are

Dpz, λq “
ρ

σy
` κz

Aσ2
sσ

2
yz ` ρσyθλ

Aσ2
sσ

2
yz ` ρσyθ

, (IA.58)

ρ2 `
ρθλ˚

Aσy
z “ 1 ` pσ˚

uq2 `
σ2

q

c2Dpz, λ˚q2 . (IA.59)

1. Unconstrained equilibrium. In the unconstrained equilibrium, Theorem 1 gives λ˚ “ mintλ, 1u

and

Varpgrq “ ρ2
ˆ

1 `
θλ˚

Aσsσy

˙

, (IA.60)

z “ M˚ “ ρ{σs. (IA.61)

Both λ˚ and z are independent of c, so (IA.58) implies da˚
r {dc “ dI˚{dc “ 0.

2. Constrained equilibrium with full participation. Here σ˚
u “ σ, λ˚ “ 1, and z “ Mp1q solves

F pz; cq ” ρ2 `
ρθ

Aσy
z ´ 1 ´ σ2 ´

σ2
q

c2Dpz, 1q2 “ 0. (IA.62)

Since Dpz, 1q “ ρ{σy ` κz, we have Fz “ ρθ{pAσyq ` 2σ2
qκ{pc2D3q ą 0 and Fc “ 2σ2

q {pc3D2q ą 0.
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Implicit differentiation within this regime yields

dz

dc
“ ´

Fc

Fz
ă 0, (IA.63)

da˚
r

dc
“ ´

κ

Dpz, 1q2
dz

dc
ą 0. (IA.64)

Thus da˚
r {dc ą 0 under full participation.

3. Constrained equilibrium with partial participation. Here σ˚
u “ σ and 0 ă λ˚ ă 1. Use the

normalization and slope ratios in Steps 1–2 of Section IA.1.7, namely (IA.12)–(IA.15) and (IA.18).

In the present comparative static, h is fixed and ν varies with c; suppress h in the arguments of D

and G. The same steps give ζ ą 1, kζ ą b, pΠζ ă 0, and Gk,Gζ ą 0. Equations (IA.19) and (IA.21)

establish Hk ą 0 ą Tk. These identities and slope signs require only h ě k̄, so they also apply when

θ “ 1.

Since Gk ą 0, solve (IA.14) locally for k “ kpζ, νq and define

Vpζ, νq ” pΠpkpζ, νq, ζq, kν “
1

Gk
, kζ “ ´

Gζ

Gk
“ ´

1
T
. (IA.65)

The seller’s first-order condition is Vζ “ pΠζp1 ´ H{T q “ 0, or H “ T . At such an optimum, (IA.65)

and the two slope signs imply

Vζν “ ´
pΠζpHk ´ Tkq

T Gk
ą 0. (IA.66)

The second-order necessary condition gives Vζζ ď 0. Along a differentiable equilibrium branch,

differentiating Vζ “ 0 gives Vζζ dζ
˚{dν ` Vζν “ 0. Thus (IA.66) rules out Vζζ “ 0 and implies

dζ˚{dν ą 0.

Writing D˚ “ Dpk˚, ζ˚q, differentiation of (IA.14) now gives

dD˚

dν
“

Dk

Gk
`

ˆ

Dζ ´
DkGζ

Gk

˙

dζ˚

dν
ą 0, (IA.67)
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where all derivatives are evaluated at the optimum. The inequality follows from

DζGk ´ DkGζ “ D2pζDζ ´ kDkq “ D2hζ
2pζ ` 2k̄ ´ kq

pζ ` k̄q2 ą 0.

Finally, (IA.12), (IA.13), and (IA.67) yield

da˚
r

dc
“

2σyν

ρcpD˚q2
dD˚

dν
ą 0.

Together with Step 2 and (IA.57), this proves dI˚{dc ą 0 in the constrained equilibrium.

IA.1.16 Proof of Lemma 8

Write d “ p1 ´ θqD2, α “ ρ{σy, β “ ρθ{pAσyq, κ “ θ{pAσ2
yq ` p1 ´ θqD1, and S “ σ2

q {c2. Retain

z “ ´as{ar, the precisions r1, r2, and Vi “ σ2
yp1 ´ ρ2riq from the baseline proof. These definitions

will also be used in the remaining mandate proofs.

1. Equilibrium and the relaxed seller problem. The manager still chooses δ “ arq{c. Adding mandate

demand to the market-clearing calculation in the proof of Proposition 1 gives

«

θ

ˆ

λ

V1
`

p1 ´ λqp1 ´ ρσyr2{arq

V2

˙

`Ap1 ´ θqD1

ff

dp

“

ˆ

θλρσy
r1
V1

`Ad

˙

dgr ´Ads̃.

(IA.68)

Matching coefficients and using r´1
2 “ r´1

1 ` σ2
sz

2 yields

A

z
“ θλρσy

r1
V1

`Ad, (IA.69)

r´1
1 “ ρ2 `

βλz

1 ´ dz
, (IA.70)

r´1
2 ´ ρ2 “

βλz

1 ´ dz
` σ2

sz
2, (IA.71)

Ξ “ κ´ αd “
θ

Aσ2
y

` p1 ´ θqpD1 ´ αD2q ą 0, (IA.72)

1
ar

“ α ` Ξz βλ` σ2
szp1 ´ dzq

βr1 ´ p1 ´ λqdzs ` σ2
szp1 ´ dzq

. (IA.73)
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The domain is 0 ă z ă 1{d, with upper endpoint `8 if d “ 0. To check monotonicity, let

T “ βλ ` σ2
szp1 ´ dzq and U “ T ` βp1 ´ λqp1 ´ dzq. Then BzpzT {Uq “ T {U ` zβp1 ´ λqrσ2

sp1 ´

dzq2 ` dβλs{U2 ą 0 and BλpT {Uq “ βp1 ´ dzqrβ ` σ2
szp1 ´ dzqs{U2 ą 0. Hence ar decreases strictly

in z and λ.

By Lemma 1, the seller maximizes λ lnpV2{V1q, where

V2
V1

“ 1 `
Aσ2

sσ
2
y

θλHM pz, λq
, (IA.74)

HM pz, λq “
ρσy

zp1 ´ dzq
`

σ2
sσyz

ρp1 ´ dzq
`

θλ

Ap1 ´ dzq2 . (IA.75)

Ignoring the noise floor, HM is strictly convex in z and diverges at both endpoints, so its minimizer

zM pλq is unique. Revenue vanishes uniformly as λ Ó 0 or z approaches an endpoint, using HM ě

2σsσy and lnp1 ` xq ď x; hence a relaxed maximum exists. If d ą 0, HM
zλ “ 2θd{rAp1 ´ dzq3s ą 0,

so zM decreases with λ; its first-order condition gives r1 “ 2dz{pρ2 ´ σ2
sz

2q, so r1 decreases as well.

For d “ 0, zM “ ρ{σs and r1 again decreases with λ.

At z “ zM pλq, the envelope derivative satisfies

d
dλ rλ lnpV2{V1qs

1 ´ V1{V2
“

lnpV2{V1q

1 ´ V1{V2
´ 1 ´

1 ´ ρ2r1
1 ` σ2

sz
2r1

. (IA.76)

The minimized HM increases with λ, so V2{V1 decreases; ln x{p1 ´ 1{xq increases for x ą 1. The

last fraction increases as z and r1 decrease. Thus the right-hand side decreases strictly from `8,

giving a unique relaxed optimum, either interior or at λ “ 1. It is also the only pair satisfying the

noise first-order condition and the necessary share condition. Every slack equilibrium must therefore

coincide with this optimum.

2. The exact regime threshold. The binding frontier z “ MM pλ, σqq is the unique root of

ρ2 `
βλz

1 ´ dz
“ 1 ` σ2 ` Sarpz, λq2. (IA.77)

The left side increases and the right side decreases with z; feasible choices are exactly z ě MM ,

with strict inequality equivalent to slack noise. The frontier decreases with λ and increases with
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σq. Positive revenue is attainable for every λ ą 0, so zero participation is never optimal, and the

preceding boundary behavior ensures existence. Evaluating ar, r1 at the relaxed optimum, define

σ:

q,M “
c

ar

b

maxtr´1
1 ´ 1 ´ σ2, 0u. (IA.78)

The required noise slack is r´1
1 ´ 1 ´ σ2 ´ Sa2

r . It is positive exactly when σq ă σ:

q,M ; otherwise the

relaxed target is at the floor or infeasible, and Step 1 excludes any other slack optimum. When

D2 “ 0, the target is the baseline target, so (IA.78) equals (A.51) and σ:

q,M “ σ:
q.

3. Full participation uniformly in D2. Set m “ z{p1 ´ dzq, so z “ m{p1 ` dmq. Equations (IA.73)

and (IA.77) become

1
ar

“
α ` κm

1 ` dm
´

Ξp1 ´ λqm

p1 ` dmqp1 ` λdmq ` pσ2
s{βqm

, (IA.79)

βλm “ 1 ` σ2 ´ ρ2 ` Sa2
r . (IA.80)

Since 1{ar ď α ` κm, the frontier satisfies βm ě S{pα ` κmq2. Consequently, m Ñ 8 uniformly

over λ P p0, 1s and admissible D2 as S Ñ 8. In these coordinates, HM “ ρσyp1 ` dmq2{m `

pσ2
sσy{ρqm` pθλ{Aqp1 ` dmq2, whose m-derivative is positive when m ą ρ{σs. Thus the noise floor

binds at every share for sufficiently large S, uniformly in D2.

Let η be the ratio of the subtracted term in (IA.79) to the first term. Then

0 ď η ď

„

1 ` λdm`
σ2

s

β

m

1 ` dm

ȷ´1
“ op1q (IA.81)

uniformly on the frontier. Indeed, along any sequence with S Ñ 8, if d Ñ 0, then m{p1 `dmq Ñ 8;

if d stays bounded away from zero, 1{ar ď α` κ{d and (IA.80) imply λdm Ñ 8. These cases cover

subsequences of every admissible sequence.

For the subtracted term, the absolute value of its logarithmic m-derivative is at most one. The

first term has logarithmic derivative at most 1{p1 ` dmq, so 0 ă ´mar,m{ar ď 1{p1 ` dmq ` op1q
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uniformly. Implicit differentiation of (IA.80), using ar,λ ă 0, gives

´
λmλ

m
ě

ˆ

1 ´
2mar,m

ar

˙´1
ě

ˆ

1 `
2

1 ` dm
` op1q

˙´1
. (IA.82)

For all sufficiently large S, this is at least 1{4 everywhere and at least 3{4 if dm ě 7. Also

mHM
m ě pσ2

sσy{2ρqm` p2θλ{Aqdmp1 ` dmq. Along the frontier, λ dHM {dλ “ pθλ{Aqp1 ` dmq2 `

pλmλ{mqmHM
m . If dm ď 7, this is at most 64θ{A ´ pσ2

sσy{8ρqm ă 0; if dm ě 7, it is negative

because 3dm{2 ą 1 ` dm. Hence HM strictly decreases with the share along the frontier. The

seller’s objective there is

ΨM pλ;σqq “ λ ln
«

1 `
Aσ2

sσ
2
y

θλHM pMM pλ, σqq, λq

ff

. (IA.83)

For fixed HM , this increases strictly in λ by lnp1 ` xq ą x{p1 ` xq; decreasing HM raises it further.

Thus λ˚ “ 1 uniquely. All bounds are uniform in D2, giving a finite σfull
q,M ě σ:

q,M independent of D2.

Increase this bound, if necessary, as specified in the next proof; the lemma continues to hold.

IA.1.17 Proof of Proposition 7

Retain the preceding notation and let D2 P r0, σyD1{ρq vary, fixing θ ă 1 and all other primitives

except σq.

1. Score informativeness and the average score. For σq ě σfull
q,M , the preceding lemma gives λ˚ “ 1

and σ˚
u “ σ. Hence

r´1
1 “ ρ2 ` βm, (IA.84)

ar “
1 ` dm

α ` κm
, (IA.85)

Gpm,D2q ” ρ2 ` βm´ 1 ´ σ2 ´ S
p1 ` dmq2

pα ` κmq2 “ 0. (IA.86)
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Since Gp0, D2q ă 0, Gpm,D2q Ñ 8, and

Gm “ β `
2Sp1 ` dmqΞ

pα ` κmq3 ą 0, (IA.87)

GD2 “ ´
2Sp1 ´ θqmp1 ` dmq

pα ` κmq2 ă 0, (IA.88)

m1pD2q “ ´GD2{Gm ą 0, (IA.89)

the root is unique and increases strictly in D2. Now Corrpgr, g̃q “ pρ2 ` βmq´1{2 and Ergrs “

pq̄{cq
a

pρ2 ` βm´ 1 ´ σ2q{S. Because q̄ ą 0, score informativeness decreases strictly and the

average score increases strictly.

2. The unique price-informativeness maximum. Price informativeness is pρ2 ` βm ` σ2
sz

2q´1{2.

Eliminating d using (IA.86) gives z “ m
?
S{rpα` κmq

a

ρ2 ` βm´ 1 ´ σ2s, so it equals Hpmq´1{2,

where

Hpmq “ ρ2 ` βm`
σ2

sSm
2

pρ2 ` βm´ 1 ´ σ2qpα ` κmq2 . (IA.90)

Differentiating this rational function yields

H 1pmq “ β ´
σ2

sS

βκ2m2 r1 `Opm´1qs, (IA.91)

H2pmq “
2σ2

sS

βκ2m3 r1 `Opm´1qs. (IA.92)

The remainder constants depend only on fixed primitives. Since mpD2q ě mp0q Ñ 8, H2 ą 0

throughout the equilibrium range for all sufficiently large S. At D2 “ 0, (IA.86) gives mp0q „

rS{pβκ2qs1{3 and H 1pmp0qq “ β ´ σ2
smp0qr1 ` op1qs ă 0. For each fixed D2 ą 0, instead,

mpD2q „
d2S

βκ2 , H 1pmpD2qq ÝÑ β ą 0. (IA.93)

Enlarge σfull
q,M , independently of D2, so that strict convexity, the negative derivative at zero, and

a positive derivative at D2 “ σyD1{p2ρq all hold whenever σq ě σfull
q,M . Continuity and strict

convexity then give a unique pD2 P p0, σyD1{ρq with H 1pmp pD2qq “ 0. Since m1 ą 0, differentiating

HpmpD2qq´1{2 proves the claimed strict increase and decrease.
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3. The turning point tends to zero. For every fixed admissible D2 ą 0, (IA.93) implies H 1pmpD2qq ą 0

eventually. Uniqueness of the turning point gives 0 ă pD2 ă D2 eventually. As this holds for every

such D2, pD2 Ñ 0.

IA.1.18 Mandate demand with partial participation

The following result extends the adverse effects of mandate demand in Proposition 7 to constrained

equilibria with partial participation. Retain d, α, β, κ, S,Ξ, z from the proof of Lemma 8, and define

Γ ” 1 ` σ2 ´ ρ2 ą 0, τ ” r´1
1 ´ ρ2 “ Varpgrq ´ ρ2. (IA.94)

Proposition IA.2 (Small supply noise and partial participation). Maintain the mandate model

with 0 ă θ ă 1 and σq ą 0, fixing all primitives other than D2 and σs. Fix a reference value

D2,0 P p0, σyD1{ρq, and write d0 “ p1 ´ θqD2,0. Suppose

β ą d0Γ `
4Sd3

0
pκ` αd0q2 . (IA.95)

There exist σ̄s ą 0 and an open neighborhood of D2,0 contained in p0, σyD1{ρq such that, for every

0 ă σs ă σ̄s and every D2 in this neighborhood, the equilibrium is unique, constrained, and has

strictly partial participation: σ˚
u “ σ and 0 ă λ˚ ă 1. Throughout this neighborhood,

d Corrpgr, rgq

dD2
ă 0, dErgrs

dD2
ą 0, d Corrpp, rgq

dD2
ă 0. (IA.96)

Moreover, dλ˚{dD2 ą 0 throughout the same neighborhood.

Proof. We establish the equilibrium regime and the strict comparative statics uniformly near d0.

Choose a compact neighborhood of d0 inside p0, p1 ´ θqσyD1{ρq on which (IA.95) remains strict.

1. The limiting scaled problem. In the coordinates (IA.94), rearranging (IA.70) and (IA.73) gives

λ “
τp1 ´ dzq

βz
,

1
ar

“ α ` Ξ τ ` σ2
sz

2

β ` dτ ` σ2
sz
, τ ě Γ ` Sa2

r . (IA.97)
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The last inequality is the noise constraint, with equality exactly when σu “ σ. The share restriction

is τ{pβ ` dτq ď z ă 1{d. By (IA.74), the seller maximizes the normalized revenue

Π “
τp1 ´ dzq

βz
ln

ˆ

1 `
ρ2σ2

sz
2

τpρ2 ` τ ` σ2
sz

2q

˙

. (IA.98)

For σs ą 0, dividing by σ2
s preserves its maximizers. The resulting objective extends smoothly to

σ2
s “ 0, with limit

Π
σ2

s

ÝÑ
ρ2zp1 ´ dzq

βpρ2 ` τq
, a0

rpτ, dq “
β ` dτ

αβ ` κτ
. (IA.99)

Since Bτa
0
r “ ´βΞ{pαβ`κτq2 ă 0, limiting feasibility is τ ě τ0pdq, where τ0pdq is the unique root of

τ0 “ Γ ` S

ˆ

β ` dτ0
αβ ` κτ0

˙2
. (IA.100)

The left side minus the right side is strictly increasing in τ0. Evaluating it at β{d shows that

(IA.95) is equivalent to dτ0pdq ă β. Because (IA.99) strictly decreases in τ and zp1 ´ dzq is uniquely

maximized at 1{p2dq, the limiting scaled problem has the unique global optimizer

τ “ τ0pdq, z “
1
2d, λ “

dτ0pdq

β
P p0, 1q. (IA.101)

Thus the limiting optimum binds the noise floor and leaves the participation cap slack.

2. Persistence for positive supply noise. The inequality lnp1 ` xq ď x in (IA.98) implies

0 ď
Π
σ2

s

ď
ρ2zp1 ´ dzq

βpρ2 ` τq
ď

ρ2

4βdpρ2 ` τq
.

Feasibility gives τ ě Γ ą 0 and z ě Γ{pβ ` dΓq ą 0. The bound therefore excludes τ Ñ 8 and

z Ñ 1{d for any sequence with normalized revenue bounded away from zero. Such revenue is

attainable near (IA.101): the floor equation in (IA.97) has a smooth local root, since Bτar ă 0, and

the share cap remains slack. Consequently, all global maximizers lie in a common compact set and

converge uniformly in d to (IA.101).

Near that limit, Bτ pΠ{σ2
sq ă 0, so every maximizer binds the noise floor exactly; lowering τ at
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fixed z also relaxes the share cap. On this smooth floor, the limiting second derivative with respect

to z is

´
2ρ2d

βpρ2 ` τ0pdqq
ă 0,

because the limiting floor τ0pdq is independent of z. Local strict concavity and the implicit function

theorem therefore give a unique global optimizer for all sufficiently small positive σs, with C1

convergence in d to the limiting policy. Compactness of the chosen neighborhood makes the supply-

noise bound uniform. The equilibrium is consequently constrained and strictly partial throughout a

neighborhood of d0.

3. Comparative statics. Write a0
rpdq “ a0

rpτ0pdq, dq and let primes denote total derivatives in d.

Differentiating (IA.100) gives

pa0
rq1 “

τ0pαβ ` κτ0q

pαβ ` κτ0q2 ` 2Sa0
rβΞ ą 0, τ 1

0 “ 2Sa0
rpa0

rq1 ą 0. (IA.102)

For positive supply noise, the equilibrium mean score and correlations are

Ergrs “
q̄

c
a˚

r , Corrpgr, rgq “ pρ2 ` τ˚q´1{2, Corrpp, rgq “ pρ2 ` τ˚ ` σ2
sz

˚2q´1{2.

By (IA.102), their limiting d-derivatives are respectively pq̄{cqpa0
rq1 ą 0 and ´τ 1

0{r2pρ2`τ0q3{2s ă 0 for

both correlations. Also pdτ0{βq1 “ pτ0 `dτ 1
0q{β ą 0. The C1 convergence from Step 2 preserves these

strict signs uniformly after reducing the supply-noise bound if needed. Since dd{dD2 “ 1 ´ θ ą 0,

they imply (IA.96) and the stated participation response.

IA.1.19 Proof of Proposition 8

Fix σq and all other primitives except D2, retaining the notation above. Because θ ă 1, changes in

d and D2 have the same sign. By the proof of Lemma 8, every unconstrained equilibrium equals the

unique relaxed optimum; first characterize this target, then check its feasibility.
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1. The target score precision increases. The noise first-order condition HM
z “ 0 and (IA.70) give

σ2
sz

2 `
2dz
r1

“ ρ2, d “
r1pρ2 ´ σ2

sz
2q

2z , (IA.103)

so 0 ă z ď ρ{σs. By (IA.76), the share derivative has the sign of

lnpV2{V1q

1 ´ V1{V2
´ 1 ´

1 ´ ρ2r1
1 ` σ2

sz
2r1

. (IA.104)

This increases strictly in both r1 and z: the ratio V2{V1 “ 1 ` ρ2σ2
sz

2r2
1{rp1 ´ ρ2r1qp1 ` σ2

sz
2r1qs

increases, and the last fraction decreases. For fixed z, the expression ranges from ´1 to `8 as r1

ranges over p0, 1{ρ2q; its zero thus defines a continuous, strictly decreasing precision as a function of

z.

At the share cap, substituting (IA.103) into (IA.70) instead gives

β “
p1 ´ ρ2r1qp2 ´ ρ2r1 ` σ2

sz
2r1q

2r1z
. (IA.105)

The right side decreases strictly in both r1 and z on the stated domain, so its root also defines a

continuous, strictly decreasing precision. The target precision is the larger of these two roots: λ ď 1

requires precision at least as high as the cap root, and the share derivative is positive there exactly

when the cap root exceeds the interior root. Thus target precision decreases strictly in z, including

across switches of the share cap. The second expression in (IA.103) consequently decreases strictly

in z along the target. Raising D2 therefore lowers z and raises r1. Hence both Corrpgr, g̃q “
?
r1

and Corrpp, g̃q “ pr´1
1 ` σ2

sz
2q´1{2 increase strictly whenever the target is feasible.

2. The price loading and average score increase. The target satisfies

0 ă r´1
1 ´ ρ2 ă ρσsz. (IA.106)

Indeed, at r1 “ 1{pρ2 ` ρσszq, expression (IA.104) is negative by lnp1 ` xq ă x. Its zero has larger
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precision, and the target precision is at least that zero. Eliminating λ from (IA.73) gives

1
ar

“ α ` Ξ r´1
1 ´ ρ2 ` σ2

sz
2

β ` σ2
sz ` dpr´1

1 ´ ρ2q
. (IA.107)

The fraction increases in r´1
1 and decreases in d. At a point satisfying (IA.103), its partial z-derivative

has the sign of 2βz` r1rρ2σ2
sz

2 ´ pr´1
1 ´ρ2q2s ą 0, by (IA.106). Substituting d “ r1pρ2 ´σ2

sz
2q{p2zq

makes the fraction strictly increasing in both r´1
1 and z, since this substituted d is nonincreasing

in r´1
1 and strictly decreasing in z. These signs hold on 0 ă z ď ρ{σs, ρ2 ă r´1

1 ă ρ2 ` ρσsz.

Comparing two targets by first lowering r´1
1 and then z stays in this domain, so the fraction decreases

strictly with D2. Since Ξ ą 0 also decreases strictly, ar increases strictly. Therefore Ergrs “ pq̄{cqar

increases strictly as well.

3. The unconstrained set is an initial interval. The target’s required noise slack is σ2
u ´ σ2 “

r´1
1 ´ 1 ´ σ2 ´ Sa2

r. It is continuous and strictly decreasing in D2, by Steps 1–2. Positive slack

implements the unique unconstrained optimum; zero slack implements the same target at the floor;

negative slack makes it infeasible, and the relaxed-optimum characterization excludes any other

slack equilibrium. Thus the unconstrained set is an initial interval, possibly empty or the whole

admissible interval. All three quantities increase strictly on this interval, and the equilibrium cannot

return to it after becoming constrained.

IA.1.20 Proof of Proposition 9

Use z “ ´as{ar and Π from the proof of Theorem 1, and set λ: “ mintλ, 1u and M˚ “ ρ{σs.

Verification changes feasibility through cpvq but leaves the revenue objective θΠ{p2Aq unchanged.

1. Continuation choices and informativeness. At fixed v, the baseline proof applies with cost cpvq:

feasible ratios form an upper interval, and increasing λ at fixed z preserves feasibility. Because

Πpλ, zq increases up to M˚, every continuation optimum has z ě M˚. It also has λ ě λ:. To

establish the latter claim, set k “ θλ{pAσsσyq, t “ krk ` ρ{pσszq ` σsz{ρs ě kpk ` 2q, and

Qptq “ tp1 ` tq lnp1 ` 1{tq ´ t. Differentiating (A.34) gives Πλ “ rQptq ´ k2s{rtp1 ` tqs. Since

Q1ptq “ p1 ` 2tq lnp1 ` 1{tq ´ 2 ą 0, this derivative is positive whenever k ă λ0: the derivative of the
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unconstrained objective in the baseline proof gives Qpkpk ` 2qq ą k2. Thus any 0 ă λ ă λ: can be

improved by increasing participation at fixed z; zero participation is dominated by positive revenue.

By (A.25)–(A.26), the inverse squared score and price correlations are ρ2 ` ρθλz{pAσyq and

ρ2`ρθλz{pAσyq`σ2
sz

2, respectively. Both strictly increase in pλ, zq, so neither correlation exceeds its

value at pλ:,M˚q; equality in either requires both target values. Continuation revenue is continuous

in v by the continuous baseline frontier and the uniform bound 0 ď Πpλ, zq ď Πpλ,M˚q Ñ 0 as

λ Ó 0. It is bounded above by θΠpλ:,M˚q{p2Aq, while convexity gives ψpvq ě ψ1p0qv Ñ 8. Hence a

finite optimal verification level exists.

2. A feasible unconstrained target. If Mpλ:q ď M˚ at v “ 0, the target remains feasible for

every v ą 0: increasing seller noise offsets the reduction in manipulation variance. This target

globally maximizes gross revenue, so Rpvq “ Rp0q for all v ě 0. Strictly increasing verification cost

implies v˚ “ 0, and the equilibrium coincides with the baseline. This includes the regime boundary

Mpλ:q “ M˚.

3. A strictly constrained baseline. Suppose Mpλ:q ą M˚ at v “ 0. If v˚ “ 0, the baseline theorem

gives a binding noise floor, and Step 1 gives strict informativeness inequalities because the target is

infeasible. If v˚ ą 0, its continuation ratio cannot equal M˚. Indeed, hold pλ˚, σ˚
uq fixed and vary v.

Equation (A.30) determines z smoothly because its left-hand side minus its right-hand side has a

strictly positive derivative in z. At z “ M˚, Πz “ 0, so the derivative of net profit along this feasible

variation is ´ψ1pv˚q ă 0. A small reduction in verification would therefore raise profit. Hence

z ą M˚ at any positive optimum. The noise floor must bind, since otherwise reducing σu would

lower z toward M˚ and raise revenue. Step 1 then gives strict inequalities for both correlations.

IA.1.21 Proof of Theorem 2

Write z “ ´as{ar for the ratio argument in (29), and use M˚ “ ρ{σs and the revenue objective Π

from the proof of Theorem 1.

1. Reduction and the design frontier. For fixed pλ,wq P p0, 1s ˆ W, the manager’s first-order

conditions give δ˚
i “ wiarq{ci. Hence gr “ g̃ ` wJu ` arq{cpwq, and the calculations in the proof
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of Proposition 1 give the baseline pricing formulas with noise variance σ2
upwq and cost cpwq. The

induced ratio zpw, λq is the unique positive root of

ρ2 `
ρθλ

Aσy
z “ 1 ` N pw;λ, zq. (IA.108)

Indeed, the left-hand side strictly increases in z, whereas the right-hand side decreases by (A.28). At

z “ 0, the latter strictly exceeds ρ2: σq ą 0 and 1{cpwq ą 0 ensure positive manipulation variance

even if intrinsic noise vanishes. Thus the root exists and is unique. The seller’s revenue is

θλΦpλ,wq “
θ

2AΠ
`

λ, zpw, λq
˘

, Πpλ, zq “ λ lnpV2{V1q. (IA.109)

Compactness of W and continuity of N ensure that its minimum is attained. Replacing N in

(IA.108) by its minimum gives a continuous, strictly increasing root equation in z, negative at zero

and positive for sufficiently large z. Its unique root is

Msdpλq “ min
wPW

zpw, λq “ z
`

wmaxpλq, λ
˘

. (IA.110)

To verify the equality, evaluate the root equation for any w at Msdpλq: its left-hand side minus

its right-hand side is nonpositive, and equals zero for wmaxpλq. Strict monotonicity then gives the

claim. The frontier is continuous by continuity and uniqueness of this root. It strictly decreases in

λ, since increasing λ raises the left-hand side of (IA.108) and lowers ar, hence weakly lowers every

N pw;λ, zq, at fixed z ą 0.

2. Optimal design at fixed participation. The proof of Theorem 1 shows that Πpλ, zq strictly

increases up to M˚ and strictly decreases thereafter. Thus, writing V pλq “ maxwPW Πpλ, zpw, λqq,

the frontier property and the stated implementability assumption give

V pλq “ Π
`

λ,Msdpλq
˘

, Msdpλq ą M˚, (IA.111)

V pλq “ Πpλ,M˚q, Msdpλq ď M˚. (IA.112)
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Equivalently,

V pλq “ Π
`

λ,maxtMsdpλq,M˚u
˘

. (IA.113)

The optimal weights minimize N in the first case and implement M˚ in the second. Since

0 ă V pλq ď Πpλ,M˚q Ñ 0 as λ Ó 0, setting V p0q “ 0 makes V continuous on r0, 1s and ensures a

positive maximum.

3. Participation and the three cases. By the proof of Theorem 1, Πpλ,M˚q is strictly increasing

up to λ and strictly decreasing thereafter, with maximizer λ: “ mintλ, 1u on r0, 1s. In the two

unconstrained cases, Msdpλ:q ď M˚, so V pλq ď Πpλ,M˚q ď Πpλ:,M˚q “ V pλ:q. The implementing

weights satisfy (A.6) or (A.7), respectively.

In the constrained case, Msdpλ:q ą M˚. No maximizer of V can have Msdpλq ă M˚: continuity

would make V “ Πpλ,M˚q locally, and strict unimodality would require λ “ λ:, a contradiction

(using one-sided changes at λ “ 1). Every maximizer therefore lies on the design frontier. Since

Πpλ,Msdpλqq ď V pλq everywhere and equality holds at such a maximizer, maximizing the frontier

objective gives exactly the same optimal value and a feasible optimal design wmaxpλ˚q. Substitution

of (A.34) yields (A.8)–(A.9). In all three cases, (9) gives the corresponding optimal fee.

IA.1.22 Proof of Proposition A.2

1. Strict convexity. By Theorem 2, the conditional design problem holds a˚
r “ arpλ˚,Msdpλ˚qq fixed

and minimizes (A.10). Let ∆u “ pΣuq11 ` pΣuq22 ´ 2pΣuq12 “ Varpu1 ´ u2q ą 0. Then V 2
u “ 2∆u,

m ą 0, and m2 “ 2p1{c1 ` 1{c2q ą 0, so L2 “ 2∆u ` 2a˚2
r σ2

q rpm1q2 ` mm2s ą 0. Continuity and

strict convexity give a unique minimizer on r0, 1s.

2. Location of the optimum. The benchmark definitions imply V 1
upwq “ 2∆upw ´ wuq and m1pwq “

2p1{c1 ` 1{c2qpw ´ wcq. Hence L1 “ V 1
u ` 2a˚2

r σ2
qmm

1 is negative below both benchmarks and

positive above both. The unique minimizer therefore lies between wu and wc, proving (A.15). Both

benchmarks are interior, so L1pw˚q “ 0; its two terms also show that w˚ is a convex combination of

wu and wc.
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